Proceedings of the Meeting on Quaternionic Structures in Mathematics and Physics Trieste (1994)

Quaternionic Geometry and 3-Sasakian Manifolds

Charles P. Boyer Krzysztof Galicki and Benjamin M. Mann

Abstract. We give a survey of some recent results concerning geometric and topological properties of 3-Sasakian manifolds and the rôle played by such manifolds in the context of quaternionic Kähler and hypercomplex geometry.

Introduction

In 1960 Sasaki [Sas1] introduced a geometric structure related to an almost contact structure. This geometry became known as Sasakian geometry and has been studied extensively ever since. Today the importance of Sasakian manifolds is recognized in many different areas of Riemannian geometry. In the late sixties Kuo [Kuo] and Udrişte [Ud] refined this notion and introduced manifolds with Sasakian 3-structures. A 3-Sasakian manifold (S, g) is a (4n + 3)-dimensional Riemannian manifold with three orthonormal Killing vector fields {ξ^i}_{i=1,2,3} satisfying the Lie algebra sp(1) along with certain curvature conditions. This provides S with a 3-dimensional foliation F_3. If the 3-Sasakian vector fields {ξ^i}_{i=1,2,3} are complete, there is a locally free action of Sp(1) on S, and we say that S is regular if the foliation F_3 is regular. From 1970-1975 this new kind of geometry was investigated almost exclusively by Japanese school. There are two main properties of 3-Sasakian manifolds that make them a particularly interesting object of study. First, they are Einstein spaces of positive scalar curvature [Ka]. Secondly, Konishi and Ishihara [IKon] noticed that if a 3-dimensional foliation F_3 is regular then the space of leaves has the structure of a 4n-dimensional quaternionic Kähler manifold M with positive scalar curvature. In particular, the restricted holonomy group of such M reduces to a subgroup of Sp(n) · Sp(1). Conversely, Konishi [Kon] proved the existence of a Sasakian 3-structure on a natural principal SO(3)-bundle over any quaternionic Kähler manifold of positive scalar curvature.

Early results of Ishihara and Konishi clearly demonstrate that there is at least one 3- Sasakian manifold associated to every compact quaternionic Kähler space of positive scalar curvature. Yet until recently, for unclear reasons, manifolds with 3-Sasakian structure were relegated to a relative obscurity. In the last few years they resurfaced independently in two different areas. In 1990 Friedrich and Kath studied compact Riemannian 7-manifolds admitting three Killing spinors showing that this condition is equivalent to the existence of a 3-Sasakian structure [FrKat]. Assuming regularity they were able to combine the result of Hitchin [Hi] and Friedrich and Kurke [FrKur] and obtain a classification of all regular complete 7-manifolds with 3-Sasakian structure.

During the preparation of this work all three authors were supported by NSF grants.

More recently, in [BGM1] we found that 3-Sasakian manifolds provided a natural piece of a puzzle that links together four different geometric structures. In particular, for any compact quaternionic Kähler manifold M of positive scalar curvature there is a commutative diagram

0.1

U ≃ R_+ × S C^∗/Z2 ↙ R^∗/Z2 ↘ Z H^{∗/}Z^2 S, CP^1 ↘ RP^3 ↙ M where U is the cone on S with a canonical hyperkähler structure (the Swann bundle [Sw]), Z is Kähler-Einstein (the twistor space [Sal1-2]), and S is 3-Sasakian (the Konishi bundle [Kon]). In addition, both Z and S are compact, of positive scalar curvature, and S is a principal circle bundle over Z. It is important to observe that all four geometries in diagram 0.1 are Einstein.

In 1982 generalizing Penrose’s twistor construction in 4 dimensions, Salamon showed that every quaternionic Kähler manifold of positive scalar curvature has an auxiliary complex manifold known as the “twistor space”. In a sense, diagram 0.1 shows that every positive quaternionic Kähler manifold has not one auxiliary space but three different yet related auxiliary spaces. This is what originally motivated our interest in the geometry and topology of 3-Sasakian manifolds. This article surveys several new results presented earlier in [BGM1-7, GS] as well as many older results in the subject. After setting our notation and introducing necessary definition we first show how Ishihara and Konishi’s results generalize to the case of orbifold fibration [BGM1,2]. In particular, we summarize many known facts about the geometry and topology of 3-Sasakian manifolds in section 1. In section 2 we discuss all known examples of compact regular 3-Sasakian manifolds and present the classification of compact 3-Sasakian homogeneous spaces. We briefly describe some relations between Betti numbers of spaces in diagram 0.1 [GS]. Section 3 introduces the 3-Sasakian quotient construction [BGM1,2] which can be applied to obtain a family of inhomogeneous, irregular 3-Sasakian manifolds. In particular, these are the only explicit examples of manifolds with Einstein metrics of positive scalar curvature and of arbitrary cohomogeneity. Section 4 describes a new construction of hypercomplex structures on certain circle bundles over 3-Sasakian manifolds. The method yields a very interesting family of inhomogeneous hypercomplex structures on complex Stiefel manifolds of 2-frames in C^n. Finally, the last section describes how 3-Sasakian manifolds enter naturally into the study of locally conformally hyperkähler spaces.

Update: For further developments in the area, see [BG,BGM9-10,BGMR1-2].

1. Sasakian 3-Structure and Quaternionic Kähler Orbifolds

We begin this section with the definition of a Sasakian structure and some of it basic properties.

Definition 1.1: Let (S, g) be a Riemannian manifold and let ∇ denote the Levi-Civita connection of g. Then (S, g) has a Sasakian structure if there exists a Killing vector field ξ of unit length on S so that the tensor field Φ of type (1, 1), defined by (i) Φ(X) = ∇_X ξ satisfies the condition (ii) (∇_X Φ)(Y ) = η(Y )X − g(X, Y )ξ for any pair of vector fields X and Y on S. Here η denotes the 1-form dual to ξ with respect to g; i.e., g(Y, ξ) = η(Y ) for any vector field Y , and satisfies the dual equation to (i); namely, (iii) (∇_X η)(Y ) = g(Y, ΦX). We write (Φ, ξ, η) to denote the specific Sasakian structure on (S, g) and will refer to S with such a structure as a Sasakian manifold.

Proposition 1.2: Let (S, g, ξ) be a Sasakian manifold and X and Y any pair of vector fields on S. Then (i) Φ∘Φ(Y ) = −Y + η(Y )ξ,

(ii) Φξ = 0,

(iii) η(ΦY ) = 0,

(iv) g(X, ΦY ) + g(ΦX, Y ) = 0,

(v) g(ΦY, ΦZ) = g(Y, Z) − η(Y )η(Z),

(vi) dη(Y, Z) = 2g(ΦY, Z). Furthermore, the Nijenhuis torsion tensor N_Φ(Y, Z) = [ΦY, ΦZ] + Φ^2[Y, Z] − Φ[Y, ΦZ] − Φ[ΦY, Z], of Φ satisfies (vii) N_Φ(Y, Z) = −dη(Y, Z) ⊗ ξ.

Definition 1.3: Let (S, g) be a Riemannian manifold that admits three distinct Sasakian structures {Φ^a, ξ^a, η^a}_{a=1,2,3} such that

g(ξ^a, ξ^b) = δ^{ab} and [ξ^a, ξ^b] = 2ϵ^{abc}ξ^c

for a, b, c = 1, 2, 3. Then (S, g) is a 3-Sasakian manifold with Sasakian 3-structure (S, g, ξ^a).

It follows directly from the definition that every 3-Sasakian manifold admits a local action of either Sp(1) or SO(3) as local isometries and, if the vector fields ξ^a are complete, then these are global isometries. We refer to this action as the standard Sp(1) action on S. It is well-known that every 3-Sasakian manifold (S, g, ξ^a) has dimension 4n + 3 and is foliated by Riemannian foliations

(1.4) F^τ_1 ⊂ F_3, τ ∈ sp(1),

of codimensions 4n + 2 and 4n respectively. The foliation F^τ_1 is defined by a choice of the circle subgroup U(1)_τ ⊂ Sp(1) generated by the Killing vector τ ∈ sp(1), where sp(1) the Lie algebra of Definition 1.2 with generators {ξ^1, ξ^2, ξ^3}. Notice that F^τ_1 depends only on the direction of τ and not on its norm, and gives S the structure of a Seifert fibration over the twistor space Z.

Definition 1.5: A 3-Sasakian manifold is said to be regular if the foliation F_3 is regular.

Note that if the foliation F_3 is regular then F^τ_1 is regular for all τ. But the converse is also true, more precisely if the vector fields ξ^i are complete and any of the foliations F^τ_1 is regular than so is F_3 [Tan2, TachYu]. In the regular case we obtain a diagram of locally trivial fibrations introduced in (0.1). More generally the arrows in (0.1) should be interpreted in the sense of V-bundles (or orbifold bundles) [Sat, Bai1-2].

Some of the basic properties of 3-Sasakian manifolds together with there foliations F^τ_1 ⊂ F_3 are summarized in the theorem below.

Theorem 1.6: Let (S, g, ξ^a) be a 3-Sasakian manifold of dimension 4n + 3 such that the Killing vector fields ξ^a are complete for a = 1, 2, 3. Then (i) (S, g, ξ^a) is an Einstein manifold of positive scalar curvature equal to 2(2n+1)(4n+3).

Hence, every complete 3-Sasakian manifold is compact and has finite fundamental group.

(ii) S admits a second Einstein metric g^′ of positive scalar curvature which is not homothetic to g.

(iii) The metric g is bundle-like with respect to all of the foliations F^τ_1 and F_3. (iv) Each leaf L of the foliation F_3 is a 3-Sasakian submanifold that is totally geodesic and of constant curvature 1. Furthermore, L is diffeomorphic to a 3-dimensional homogeneous spherical space form.

(v) The space of leaves O = S/F_3 is a quaternionic Kähler orbifold of dimension 4n with positive scalar curvature equal to 16n(n + 2).

(vi) The space of leaves Z = S/F^τ_1 is a complex orbifold of complex dimension 2n + 1 that is independent of τ and has a Kähler-Einstein metric of positive scalar curvature 8(2n+1)(n+1). Furthermore, Z is the twistor space of O, and is a projective algebraic variety.

(vii) The product manifold M = S ×R^+ with the cone metric g_M = dr^2 +r^2g has holonomy Sp(n + 1), that is, the metric g_M is hyperkähler.

The fact that every 3-Sasakian manifold S is Einstein and has positive scalar curvature 2(2n + 1)(4n + 3) is due to Kashiwada [Ka]. That S admits a second Einstein metric is a consequence of the canonical variation [Bes] and was given in [BGM2]. The notion of a bundle-like metric is due to Reinhart [Rei]. That each leaf of F_3 is a totally geodesic 3-Sasakian manifold of constant curvature 1 is due to Kuo and Tachibana [KuTach], and that all 3-Sasakian 3-manifolds are precisely the homogeneous spherical space forms is due to Sasaki [Sas2]. The regular case of (v) is due to Ishihara and Konishi [IKon,I2], whereas the general case appears in [BGM2]. (vi) is given in [BGM1,BGM2] and the proof that Z is a projective algebraic variety is given in [BG]. (vii) is given independently in [Bär] and [BGM2].

We now recall some old results about harmonic forms on compact Sasakian manifolds due to Tachibana [Tach]. Consider {S, g, ξ} such that dim S = 2m + 1, let Λ^p(S) be the space of p-form on S, and let H^p(S)the vector space of harmonic p-forms. We have Theorem 1.7 [Tach]: If p ≤ m then u ∈ H^p(S) is horizontal with respect to the distribution F_1 defined by the Killing vector ξ, i.e., ξ⌊u ≡ 0.

Now, using Φ we can define an operator Φ : Λ^p(S) → Λ^p(S) by

(1.8) (Φu)(X_1, X_2, . . . , X_p) = p∑ i=1 u ( X_1, . . . , Φ(X_i), . . . , X_p ) . Then we have Theorem 1.9 [Tach]: If p ≤ m and u ∈ H^p(S) then Φu ∈ H^p(S).

Applying these two results to the 3-Sasakian case in combination with the fact that harmonic forms must be invariant under the Sp(1) action [YB] one obtains the following vanishing theorem:

Theorem 1.10 [GS]: Let (S, g, ξ^a) be a compact 3-Sasakian manifold of dimension 4n+3. Then the odd Betti numbers b_{2k+1}(S) = 0 if k ≤ n.

2. Regular Case

As every compact regular 3-Sasakian manifold fibers over a compact positive quaternionic Kähler manifold the two geometries are intimately related to one another. In particular, we always have the diagram of fibration

2.1 S^S 1 −−−→ Z.

RP^3 CP^1 ↙ M The RP^3-bundle over M can be lifted to an S^3-bundle only in one case, when M = HP^n, which follows from the result of Salamon [Sal1]. In particular we have

Theorem 2.2 [BGM1]: Let (S, g, ξ^a) be a regular compact 3-Sasakian manifold of dimension 4n + 3. Then π_1(S) is of order at most 2 and π_1(S) = Z_2 if and only if S ≃ RP^{4n+3}.

Applying standard Gysin sequence arguments to the fibration of diagram 2.1 we find that the Betti numbers of S can be regarded as “primitive Betti numbers” of both M and Z. In particular Theorem 2.3 [GS]: Let (S, g, ξ^a) be a compact regular 3-Sasakian manifold of dimension 4n + 3 with quotients M, Z as in diagram 2.1. Then (i) b_{2k}(S) = b_{2k}(Z) − b_{2k−2}(Z), k ≤ n. (ii) b_{2k}(S) = b_{2k}(M) − b_{2k−4}(M), k ≤ n.

We now consider homogeneous 3-Sasakian spaces. To begin we recall some old results of Tanno [Tan1]. First, notice that the Killing vector fields ξ^1, ξ^2, and ξ^3 which give a Riemannian manifold (S, g) a 3-Sasakian structure generate non-trivial isometries. Thus, every 3-Sasakian manifold (S, g, ξ^a) has a nontrivial isometry group I(S, g). Let I_0(S, g) denote the subgroup of I(S, g) consisting of those isometries that leave the tensor fields Φ^a invariant for all a = 1, 2, 3. We refer to elements of I_0(S, g) as 3-Sasakian isometries. The following theorem was proven by Tanno.

Theorem 2.4 [Tan1] Let (S, g, ξ^a) be a complete 3-Sasakian manifold which is not of constant curvature. Then

dim I(S, g) = dim I_0(S, g) + 3.

Furthermore, the Killing vector fields ξ^a generate the three dimensional subspace of isometries that are not 3-Sasakian isometries. Let i and i_0 denote the Lie algebras of I(S, g) and I_0(S, g), respectively. Hence, Tanno’s theorem says that if (S, g) is not of constant curvature, then

2.5 i = i_0 + sp(1),

where + indicates vector space direct sum. However, more is true, namely Lemma 2.6: The direct sum in equation 2.5 is a direct sum of Lie algebras, i.e.,

i = i_0 ⊕ sp(1).

Using the well-know theorem of Alekseevski [A] which asserts that every compact positive homogeneous quaternionic Kähler manifold has to be symmetric, together with the classification of the quaternionic Kähler symmetric spaces obtained by Wolf [Wo], one can prove the following result [BGM2]:

Theorem 2.7: Let (S, g, ξ^a) be a compact 3-Sasakian homogeneous space. Then S is precisely one of the following: Sp(n) Sp(n − 1) ≃ S^{4n−1}, Sp(n) Sp(n − 1) × Z_2

≃ RP^{4n−1}, SU(m) S ( U(m − 2) × U(1) ), SO(k) SO(k − 4) × Sp(1) ,

G_2 Sp(1) , F_4 Sp(3) , E_6 SU(6) , E_7 Spin(12) , E_8 E_7 . Here n ≥ 1, Sp(0) denotes the trivial group, m ≥ 3, and k ≥ 7. Furthermore, the fiber F over the Wolf space is Sp(1) in only one case which occurs precisely when (S, g, ξ^a) is simply connected with constant curvature; that is, when S = S^{4n−1}. In all other cases F = SO(3). The proof is based on an observation that every 3-Sasakian homogeneous space must be regular. Now, Theorem 2.7 implies that any homogeneous 3-Sasakian manifold has to be either 3-Sasakian homogeneous or it is covered by a sphere which reduces the classification of all homogeneous spaces to considering all discrete quotients of S^{4n+3} which preserve the standard 3-Sasakian structure.

In dimension 4 there are only two compact quaternionic Kähler manifolds of positive scalar curvature: the round sphere S^4 and the complex projective plane CP^2 with the SU(3)-invariant Fubini-Study metric. This result is due to Hitchin [Hi] and Friedrich and Kurke [FrKur]. (In dimension 4 quaternionic Kähler is equivalent to self-dual and Einstein). In particular both manifolds are symmetric. The latter is also true in dimension 8, where there are only three models of compact positive quaternionic Kähler manifolds: HP^2, Gr_{2,4}(C), and G_2/SO(4) [PoSal]. Using these two classification results we can classify all compact regular 3-Sasakian manifolds in dimension 7 and 11. We have Theorem 2.8 [BGM1]: Let S be a compact regular 3-Sasakian manifold. Then, 1. if S has dimension 7, then S is either S^7, RP^7, or SU(3)/U(1). 2. if S has dimension 11, then S is either S^{11}, RP^{11}, SU(4)/S(U(2)×U(1)), or G_2/SU(2).

Part (i) of Theorem 2.8 was obtained earlier in [FrKat, BFGK]. It would be very interesting to extend this classification to the case when the foliation F_3 is not regular. However, we shall see in the next section that such a classification is much more difficult. Both the topology and the geometry are less restricted in such cases and infinitely many homotopy types occur in any allowable dimension. Even though 3-Sasakian and quaternionic Kähler geometries are very much related the latter seems to be much more rigid. Many of the results of LeBrun and Salamon that hold for positive quaternionic Kähler manifolds [Le1, Le2, LeSal, Sal3] do not hold in the case of compact 3-Sasakian spaces [BGMR1]. In general, the strong rigidity results of [LeSal] can be translated into the 3-Sasakian language only in the regular case [GS].

3. 3-Sasakian Reduction and Inhomogeneous 3-Sasakian Manifolds

In [BGM2] we described a 3-Sasakian version of the reduction procedure analogous to the symplectic reduction of Marsden and Weinstein [MW], hyperkähler reduction of Hitchin et al. [HKLR], and quaternionic reduction of Galicki and Lawson [GL]. Let (S, g, ξ^a) be a 3-Sasakian manifold with a connected compact Lie group G acting on S by 3-Sasakian isometries; that is, isometries that commute with the vector fields ξ^a for a = 1, 2, 3. One can define a unique 3-Sasakian momentum mapping

μ : S −−→ g^∗ ⊗ R^3, where g^∗ is the dual of the Lie algebra of G, by setting < μ^a, τ > = 1 2 η^a(X^τ ),

where τ ∈ g, X^τ is the corresponding infinitesimal 3-Sasakian isometry, and < ·, · > denotes the natural pairing on g×g^∗. Using standard techniques for Riemannian submersions one has Theorem 3.1 [BGM2]: If Ŝ = μ^{−1}(0)/G is a smooth manifold then it has a natural 3-Sasakian structure induced by the inclusion map ι : μ^{−1}(0) → S and the projection map π : μ^{−1}(0)−→Ŝ.

Remark: In discussions with D.V. Alekseevski we noticed that it follows from a result of Ishihara and Konishi [IKon] that, if G is one-dimensional then 0 is always a regular value of the moment map μ. Thus, if G is a circle subgroup of the group of 3-Sasakian isometries which acts freely on μ^{−1}(0), the quotient μ^{−1}(0)/G will be a manifold.

One can use Theorem 3.1 to construct examples of compact simply connected irregular 3-Sasakian manifolds. To begin take S = S^{4n−1}(1) to be the round unit sphere of dimension 4n − 1. This is well-known to carry a Sasakian 3-structure coming from the canonical embedding S^{4n−1} ⊂ H^n. The group of 3-Sasakian isometries is Sp(n) ⊂ SO(4n) and we take G = U(1)p to be in the maximal torus T^n in Sp(n) contained in U(n) ⊂ Sp(n), acting with weights p. If u = (u_1, . . . , u_n) ∈ H^n is the quaternionic coordinate system on the sphere then T^n can be represented as diagonal matrices and the momentum map can be written as

3.2 μ(u) = n∑ α=1 p_αu_αiu_α,

where w denotes the quaternionic conjugate of w ∈ H and “i” is the quaternionic unit defining the inclusion U(n) ⊂ Sp(n). When the weights are chosen to be pairwise coprime then the quotient Ŝ = μ^{−1}(0)/S^1 ≡ S(p) is a smooth manifold with a natural Sasakian 3- structure given by Theorem 3.1. For any such p we identify the level set of the momentum map 3.3 N (p) = μ^{−1}(0) ∈ S^{4n−1}

with the complex Stiefel manifold V C_{n,2} =^{U(n)}_{U(n−2)} , via a smooth map F, and the quotient manifold Ŝ = S(p) with the bi-quotient of U(n) by U(1) × U(n − 2) ⊂ U(n)^2 = U(n)_L × U(n)_R, where the action is given by the formula

3.4 W^{(τ,} B) −−−→ τ^{p1} .. . τ^{pn} W ( I_2 O O B ) .

Here W ∈ U(n) and (τ, B) ∈ U(1) × U(n − 2).

In particular, the metric ĝ(p) on S(p) is obtained explicitly and we have the following diagram

3.5

U(1)p → (V C_{n,2}, F^∗g(p))^F≃ (N (p), g(p))^ι p → (S^{4n−1}, g_{can})

π^′p ↙ πp (S(p), ĝ(p)) π0 O(p) = S(p)/F_3.

Equivalently, S(p) is the quotient of the complex Stiefel manifold V C_{n,2} of 2-frames in C^n by the specific free left circle action which depends on p. Here are some of the results which describe the geometry and topology of these examples.

Theorem 3.6 [BGM2]: Let n ≥ 3 and p = (p_1, . . . , p_n) ∈ Z^n_+ be an n-tuple of nondecreasing, pairwise relatively prime, positive integers. Then S(p) is a compact, simply connected, (4n − 5)-dimensional smooth manifold which admits an Einstein metric ĝ(p) of positive scalar curvature and a compatible Sasakian 3-structure. In addition, S(p) admits a second Einstein metric of positive scalar curvature, g^′(p), which is non-homothetic to ĝ(p). Furthermore, both ( S(p), ĝ(p) ) and ( S(p), g^′(p) ) are inhomogeneous Einstein manifolds as long as p ≠ (1, . . . , 1).

In fact, the computation of the connected component of the isometry group of the metric ĝ(p) shows that, depending on p, one can construct metrics of arbitrary cohomogeneity. More precisely we have Theorem 3.7 [BGM3]: Let I_0 be the group of 3-Sasakian isometries of ( S(p), ĝ(p) ) and let k be the number of 1’s in p. Then the connected component of I_0 is S(U(k)×U(1)^{n−k}), where we define U(0) = {e}. Thus, the connected component of the isometry group is the product S(U(k) × U(1)^{n−k}) × SO(3) if the sums p_i + p_j are even for all 1 ≤ i, j ≤ n, and S(U(k) × U(1)^{n−k}) × Sp(1) otherwise.

In the case that p has no repeated 1’s, the cohomogeneity can easily be determined, viz.

Corollary 3.8 [BGM3]: If the number of 1’s in p is 0 or 1 then the dimension of the principal orbit in S(p) equals n + 2 and the cohomogeneity of ĝ(p) is 3n − 7. In particular, the 7-dimensional S(p) family contains metrics of cohomogeneity 0,1, and 2.

We are not aware of any other explicit examples of positive scalar curvature Einstein metric with cohomogeneity greater than 1.

Using techniques developed by Eschenburg [E] in the study of certain 7-dimensional bi-quotients of SU(3) one can compute the integral cohomology ring of S(p). Theorem 3.9 [BGM2]: Let n ≥ 3 and p = (p_1, . . . , p_n) ∈ Z^n_+ be an n-tuple of nondecreasing, pairwise relatively prime, positive integers. Then, as rings, H^∗ ( S(p), Z ) ∼ = ( Z[b_2] [b^n_2 = 0] ⊗ E[f_{2n−1}] ) /R(p). Here the subscripts on b_2 and f_{2n−1} denote the cohomological dimension of each generator. Furthermore,

1. The relations R(p) are generated by σ_{n−1}(p)b^{n−1}_2 = 0 and f_{2n−1}b^{n−1}_2 = 0. 2. σ_{n−1}(p) = ∑_n j=1 p_1 · · · p̂_j · · · p_n is the (n − 1)^{st} elementary symmetric polynomial in the entries of p.

Notice that Theorem 3.9 shows that H^{2n−2}(S(p); Z) = Z_{σn−1(}p_) and hence has the following corollary.

Corollary 3.10 [BGM2]: Both (S(p), ĝ(p)) and (S(p), g^′(p)) give infinitely many nonhomotopy equivalent simply-connected compact inhomogeneous Einstein manifolds of positive scalar curvature in dimension 4n − 5 for every n ≥ 3.

To illustrate just how far some of these examples are from homogeneous Einstein geometry we consider the 7-dimensional case S(p_1, p_2, p_3). The following theorem is a generalization of a result of Eschenburg [E].

Theorem 3.11 [BGM2]: Let S(p) be any 3-Sasakian space defined above, with n = 3. Then either S(p) is homotopy equivalent to a homogeneous Aloff-Walach space M_{kl} = SU(3)/T_{kl}, where gcd(k, l) = 1 and T_{kl} acts as diag(τ^k, τ^l, τ^{k+l}) ⊂ SU(3), or S(p) is strongly inhomogeneous, i.e. it is not homotopy equivalent to any compact Riemannian homogeneous space.

Since H^4(M_{kl}, Z) is a cyclic group of order k^2 + l^2 + kl and for k, l relatively prime is never equal to 2 mod(3) we have, among S(p), many families of strongly inhomogeneous examples. In particular Corollary 3.12 [BGM2]: S(c, c + 1, c + 2) is strongly inhomogeneous for every positive odd integer c. Similarly, S(d, d + 3, d + 5) is strongly inhomogeneous for every positive integer d ≡ 2 (mod 6) such that d is not divisible by 5.

Theorem 3.11 has an analogue for any n > 3 with M_{kl} being replaced by another family of SU(n)-homogeneous spaces [BGM3].

4. Hypercomplex Geometry of a Circle Bundle over 3-Sasakian Manifold

A hypercomplex structure on a smooth manifold M is a G-structure where G = GL(n, H) that admits a necessarily unique torsion free connection, the Obata connection [Bon,Ob]. In particular, every such M has three complex structures I, J, and K which satisfy the relations of the algebra of imaginary quaternions and thus generate an entire two-sphere’s worth of complex structures on M. Until recently, there were few known examples of compact, irreducible, hypercomplex manifolds in dimension 8 and higher. The first class of such examples are the hyperkähler twisted products of K3 surfaces constructed by Beauville [Bea]. Examples of hypercomplex manifolds that are not hyperkähler were very scarce, the simplest ones being the Hopf manifolds S^{4n+3} × S^1 which are locally conformally hyperkähler. Recently the authors [BGM2] gave a class of new compact locally conformally hyperkähler manifolds by replacing S^{4n+3} with any 3-Sasakian manifold.

Similar examples involving the quaternionic Heisenberg group were found by Hernandez [Her]. None of these examples, however, are simply connected.

In contrast to the 4-dimensional case, where all compact hypercomplex manifolds are locally conformally hyperkähler [Boy], in higher dimensions this is no longer true. A class of hypercomplex manifolds that are not locally conformally hyperkähler was studied by physicists interested in supersymmetric σ-models. In this regard, Spindel et. al. [SSTP] classified compact Lie groups which admit hypercomplex structures. This is the generalization to the hypercomplex category of the classic work of Samelson [Sam] and Wang [W] on the classification of compact Lie groups [Sam] and homogeneous spaces [W] admitting complex structures, respectively. Using different methods, Joyce [Joy1] later recovered this [SSTP] classification and developed a theory of homogeneous hypercomplex manifolds which generalizes Wang’s [W] result.

In this section we will describe a new construction of compact hypercomplex manifolds using 3-Sasakian geometry. We then use these techniques to obtain uncountably many distinct hypercomplex structures on certain Stiefel manifolds. However, the construction can be used to obtain many other new examples [BGM8]. Let π : P → S be a circle bundle over S and let ĝ be a Riemannian metric on P such that π : (P, ĝ) → (S, g) is a Riemannian submersion. Let V_1 denote the vertical subbundle of the tangent bundle T P to P. Let Ξ be a nowhere vanishing smooth section of V_1 that generates the S^1 action on P. The almost contact 3-structure on S allows us to define an almost hypercomplex structure on P as follows. The metric ĝ on P splits the tangent bundle T P as T P ≃ Ĥ ⊕ V_1 and π_∗ induces an isometry between the horizontal vector space Ĥ_p at a point p ∈ P and the tangent space T_{π(p)}S. For any vector field X on S, we denote by X̂ its horizontal lift to P, that is, X̂ is the unique basic vector field that is π-related to X. In particular, the three vector fields ξ̂^a generate a subbundle V̂_3 of Ĥ that is isometric at every point to the bundle V_3 on S. Let H̃ denote the orthogonal complement to V̂_3 in Ĥ, so that we have the further splitting T P ≃ Ĥ ⊕ V_1 ≃ H̃ ⊕ V̂_3 ⊕ V_1. Since the Φ^a ’s are sections of End H ⊕ End V_3 on S they lift to sections Φ̂^a of End H̃ ⊕ End V̂_3 on P defined on basic vector fields by Φ̂aX̂ = ^ΦaX and extended to arbitrary sections of End H̃ ⊕ End V̂_3 by linearity. Hence, we can define endomorphisms I^a on T P by

4.1 I^aX = −Φ̂^aX + π^∗η^a(X)Ξ and I^aΞ = −ξ̂^a,

where X is any horizontal vector field on P. One easily sees that this defines an almost hypercomplex structure on P which is, in general, not integrable. We shall denote by H(S) this circle bundle with its almost hypercomplex structure.

Theorem 4.2 [BGM4]: Let H(S) be a circle bundle over a 3-Sasakian manifold S, and let Ξ be a nowhere vanishing vertical vector field on H(S) which generates the circle action. We call the pair (H(S), Ξ) a framed circle bundle on S. The almost hypercomplex structure given above is integrable if and only if the horizontal subbundle Ĥ defines a u(1) connection with curvature 2-form ω and the following three conditions hold: (i) ω(ξ̂^a, ξ̂^b) = 0 for any a, b = 1, 2, 3.

(ii) ω(ξ̂^a, X̃) = 0 for all a = 1, 2, 3 and any section X̃ of H̃.

(iii) ω(Φ̂^aX̃, Φ̂^aỸ ) = ω(X̃, Ỹ ) for all a = 1, 2, 3 and for any sections X̃, Ỹ of H̃.

We first apply this theorem to the homogeneous case. Recall that a complex manifold M is called a homogeneous complex manifold if there is a transitive action of a real Lie group on M that acts by biholomorphic diffeomorphisms. We now define a homogeneous hypercomplex manifold to be a manifold that admits a transitive action of a real Lie group that preserves the hypercomplex structure.

Theorem 4.3: Let H(S) be a circle bundle over a 3-Sasakian homogeneous space with almost complex structure given by 4.1 and satisfying the conditions of Theorem 4.2. Then H(S) is a compact homogeneous hypercomplex manifold. Moreover, H(S) is precisely one of the following manifolds: S × S^1, H_2(RP^{4n−1}), VC_{n,2} or VC_{n,2}/Z_k. Here S is one of the 3-Sasakian homogeneous spaces listed in 2.7, H_2(RP^{4n−1}) is the non-trivial S^1 bundle over RP^{4n−1}, VC_{n,2} is the complex Stiefel manifold of complex 2 planes in n-space, and k is a positive integer. Moreover, each H(S) admits a one-parameter family of inequivalent homogeneous hypercomplex structures.

Now results of Borel and Remmert [BR], and Tits [T] say that any compact homogeneous complex manifold X is the total space of a bundle (a Tits bundle) with parallelizable fibers over a generalized flag manifold G/P, where G is a complex Lie group acting transitively and holomorphically on X, and P is a parabolic subgroup. Since all of the hypercomplex manifolds H(S) described in Theorem 4.3 determine a unique homogeneous complex structure, we see that all such homogeneous complex manifolds H(S) are Tits bundles over twistor spaces Z = G/P that are generalized flag manifolds, and with fibers that are elliptic curves. Moreover, it can be shown that H(S) is a rational non-algebraic manifold of algebraic dimension 2n − 1.

We can now apply Theorem 4.2 to the framed circle bundles N (p)−→S(p) considered in section 3. Note that N (p) is naturally defined for all (R^∗)^n and the analysis in Theorem 4.2 directly generalizes. We get Theorem 4.4 [BGM4]: Let n > 2 and p = (p_1, . . . , p_n) ∈ (R^∗)^n be an n−tuple of non-zero real numbers. For each such p there is a compact hypercomplex manifold (N (p), I^a(p)), where N (p) is diffeomorphic to VC_{n,2} the Stiefel manifold of 2-frames in C^n. Moreover, N (p) is not locally conformally hyperkähler.

When the compatibility conditions of Theorem 4.2 are satisfied, there is a commutative diagram of foliations:

4.5

H(S) S1 ↙^E↘ S Z, S3/Γ ↘ CP^1 ↙ O where O is a quaternionic Kähler orbifold and Z is its twistor space. Now Z is actually a projective algebraic variety with a Kähler-Einstein metric of positive scalar curvature, and E is an elliptic curve. Furthermore, the leaves of the vertical foliation in diagram 4.5 are Hopf surfaces S^1 × S^3/Γ.

Permuting the coordinates of p or changing their signs in Theorem 4.4 yields the same hypercomplex structure. Thus, we assume that p is an element in the positive cone C_n = {p ∈ R^n | 0 < p_1 ≤ p_2 ≤ · · · ≤ p_n}. However, we prove Theorem 4.6 [BGM4]: If p and q are both commensurable sequences in the positive cone C_n then the hypercomplex manifolds N (p) and N (q) are hypercomplex equivalent if and only if p = q. Here p is said to be commensurable if each of the ratios^{pi}_{pj} is a rational number. Furthermore, the manifold N (p) is hypercomplex homogeneous if and only if p = λ(1, . . . , 1) for some λ ∈ R^∗.

While the one parameter family of distinct U(n)-homogeneous hypercomplex structures on VC_{n,2} given in Theorem 4.6 was known [Joy1,Bat], the remaining inhomogeneous hypercomplex structures on VC_{n,2} are new. They are analogous to the inhomogeneous complex structures found by Griffiths [Gr] in the versal deformation space of homogeneous complex structures.

Theorem 4.6 is proved by a detailed investigation of the hypercomplex geometry of the N (p) manifolds. Assuming that p is commensurable one first shows that any hypercomplex equivalence F : N (p) → N (q) would have to induce orbifold diffeomorphisms F_1, F_2, F_4 such that the following diagram commutes:

N (p)^F−−→ N (q)

S(p)^{F1}−−→ S(q)

Z(p)^{F2}−−→ Z(q)

O(p)^{F4}−−→ O(q). Careful analysis of the above orbifold foliations shows that this is possible if and only if p = q. One can also prove that the connected component of the group of hypercomplex automorphisms of N (p) depends only on the number of equalities among the components of p. More precisely, we rewrite p = (p^{m1}_1 , · · · , p^{mk}_k ), where the component p_i occurs m_i times in p. m_i is called the multiplicity of p_i and the positive integer k = k(p) counts the number of distinct values taken by the p_i’s. We have Theorem 4.7 [BGM4]: For all p ∈ (R^∗)^n the Lie algebra h(p) of infinitesimal hypercom-

plex automorphisms of N (p) is isomorphic to k⨁ i=1 u(m_i).

Notice that Theorem 4.7 implies that the set of multiplicities in p is an invariant of the hypercomplex structure even when p is not a commensurable sequence and that if p ≠ λ(1, . . . , 1) then h(p) is strictly smaller than the Lie algebra of infinitesimal hypercomplex automorphisms of the classical homogeneous structure on VC_{n,2}. However, the equivalence problem in the general case is more subtle and we do not know if C_n is indeed a subspace of the moduli space of hypercomplex structures on VC_{n,2}.

The proof of Theorem 4.7 entails the interplay between our hypercomplex Stiefel manifolds N (p) and equivalent models using Joyce’s [Joy2] hypercomplex quotient procedure. This enables one to exhibit an invariance under scaling in p of the Lie algebra of the infinitesimal hypercomplex automorphisms h(p) of N (p). This scale invariance in turn allows one to prove that any infinitesimal hypercomplex automorphism must also be an infinitesimal isometry with respect to a suitable metric. Then h(p) can be calculated explicitly using standard results about isometric embeddings in R^l.

We now explain how these hypercomplex structures on VC_{n,2} are related to some nonsimply connected examples. To do so we first need to establish the following notation: Definition 4.8 [BGM4]: A commensurable sequence p ∈ C_n is called basic if all the coordinates are integers and the greatest common divisor of all the coordinates is one. A basic sequence is said to be coprime if the coordinates are pairwise relatively prime. If p is an integer multiple of a basic sequence and if the triples (p_i, p_j, k) have no common factor for all 1 ≤ i < j ≤ n then p is called k-coprime.

In [BGM2] we showed that for all coprime sequences p there is a 3-Sasakian manifold S(p) such that the product S(p) × S^1 is a hypercomplex manifold. As mentioned above, these examples should be thought of as generalizations of Hopf manifolds as a 3-Sasakian manifold should be thought of as a generalization of the (4n+3)-sphere. Moreover, there is a principal fibration S^1−→N (p)−→S(p). Thus, both N (p) and S(p)×S^1 are hypercomplex manifolds which fiber over S(p) with circle fibers. The following theorem shows that these two spaces are the two extremes of new families of examples as their fundamental groups are 0 and Z, respectively.

Theorem 4.9 [BGM4]: Let p be k-coprime. There there is a compact hypercomplex manifold H(p, k) with universal cover ρ_k : N (p)−→H(p, k) such that π_1(H(p, k)) ∼= Z_k and ρ_k is a hypercomplex map. Moreover, H(p, k) is never locally conformally hyperkähler and is hypercomplex homogeneous if and only if p = (p, p, . . . , p).

Remark: If p is commensurable but not k-coprime it is still possible to construct H(p, k) and obtain a hypercomplex orbifold. However, if p is not commensurable then H(p, k) is non-Hausdorff. While the topology of N (p) is well-known and independent of p we have Theorem 4.10 [BGM4]: Let p be coprime and k a positive integer. Then, as graded rings, H^∗(H(p, k), Z) ∼= ( Z_k[x_2] [x^n_2 = 0] ⊗ E[y_{2n−3}, z_{2n−1}] ) /R(H(p, k)), where the subscripts on x_2, y_{2n−3} and z_{2n−1} denote the cohomological dimension of each generator. The relations R(H(p, k)) are given by

d(p, k)x^{n−1}_2 = d(p, k)x_2y_{2n−3} = x^2y_{2n−3} = x^{n−1}_2 z_{2n−1} = x_2y_{2n−3}z_{2n−1} = 0.

Here σ_{n−1}(p) is the (n − 1)^{st} elementary symmetric polynomial in the coordinates of p and d(p, k) = gcd(σ_{n−1}(p), k). The convention here is that d(p, 0) = σ_{n−1}(p).

Note that the topology of H(p, k) depends on both k and p. For example, Corollary 4.11 [BGM4]: For all coprime p, n ≥ 3, and k > 1 there is one cohomological invariant of H(p, k) that depends on p; namely, the integer d(p, k) which is the order of the torsion subgroups of the 2n − 2 and 2n − 1 integral cohomology groups of H(p, k).

5. Applications to Other Geometries

As mentioned in the previous section, it was first noticed in [BGM2] that for any 3-Sasakian manifold S the trivial circle bundle H = S^1 × S is an example of a compact hypercomplex manifold which is locally conformally hyperkähler. In this case one has the following diagram of (orbifold) fibrations

5.1 H ↙ ↘ Z S. ↘ ↙ O Very recently it has been observed that the diagram of orbifold fibrations in 5.1 holds true for an arbitrary compact manifold (H, h) which is locally conformally hyperkähler but has no hyperkähler metric in the conformal class [h] of h [PePoSw, OrPi]. In general, however, S in 5.1 can also be an orbifold. The result follows from the recent work of Gauduchon [Gau1, Gau2] and an earlier work of Vaisman on generalized Hopf surfaces [Vai]. We briefly describe some of Vaisman’s results here. First recall Definition 5.2: Let (H, J, h) be a hermitian manifold with a complex structure J, hermitian metric h, and the 2-form ω(X, Y ) = g(JX, Y ). Then h is locally conformally Kähler if dω = ω ∧ α for some close 1-form α. The 1-form α is called the Lee form. If α is not exact and ∇α = 0 then H is called a generalized Hopf manifold.

Note that if H is a generalized Hopf manifold then there is no Kähler metric in the conformal class of h, as this would imply exactness of the Lie form α. There are two natural foliations of any such H: (i) the foliation F_α defined by the vector field α^♯ dual to α, with one-dimensional compact leaves and (ii) the foliation E defined by {α^♯, Jα^♯}, with two-dimensional compact leaves. Assuming the leaf compactness, H is the total space of an analytic V -submersion onto a Kähler V -manifold in the sense of Satake [Sat]. Furthermore, all the fibers of the submersion are complex 1-dimensional tori T^1C. Similarly, assuming that all leaves of the foliation F_α are compact H is a Seifert fibered space of an analytic V -submersion onto a Sasakian V -manifold. In particular, if the foliation F_α is regular than H is a flat circle bundle over a Sasakian space. If the foliation E is regular (Vaisman refers to this case as strongly regular), then we get the diagram of fibrations

5.3 H^S 1 −−−→ S.

T 1C^{S1↙} Z

Theorem 5.4 [Vai]: Let (H, J, g) be a compact strongly regular generalized Hopf surface of dimension 2m. Then H is a smooth T^1C-principal fiber bundle over a compact Hodge manifold Z. Furthermore, H is a flat principal circle bundle over compact Sasakian space S and S is a circle bundle over Z whose Chern class differs only by a torsion element form the Chern class induced by the Hopf fibration.

This theorem has an orbifold generalization in the case the foliation E is not regular [Vai]. Next recall Definition 5.5: Let (H, J_1, J_2, J_3, h) be a hyperhermitian manifold with a hypercomplex structure {J_1, J_2, J_3}, hyperhermitian metric h, and the 2-forms ω_i(X, Y ) = g(J_iX, Y ). Let Ω =

∑_3

i=1 ω_i ∧ ω_i. Then h is locally conformally hyperkähler if dΩ = Ω ∧ α for some closed 1-form α.

The result of Gauduchon [Gau1-2] implies that any locally conformally hyperkähler manifold which is not hyperkähler is automatically a generalized Hopf manifold, i.e. there exists a metric h_0 in the conformal class of h whose Lee form α_0 is ∇^0-parallel (see also [OrPi]). This is certainly not true in the locally conformally Kähler case. Now the generalization of diagram 5.3 to the locally conformally hyperkähler case is automatic. The hypercomplex structure allows us to define not two but three different foliations of H: (i) the one-dimensional foliation F_α defined by α, (ii) two-dimensional foliations F^i_α defined by {α^♯, J_iα^♯} for each i = 1, 2, 3, (all three are equivalent), and (iii) a 4-dimensional foliation F_4 defined by {α^♯, J_1α^♯, J_2α^♯, J_3α^♯}. Altogether they yield diagram 5.1. The leaf space S = H/F_α is easily seen to have a natural Sasakian 3-structure.

This observation can be combined with the results on 3-Sasakian geometry described in the previous sections to obtain many new theorems about locally conformally hyperkähler spaces. Some of them, like the classification of strongly regular homogeneous spaces, were recently presented in [OrPi]. For further extensions of these results see [GS].

Bibliography

[A] D. V. Alekseevski, Classification of quaternionic spaces with solvable group of motions, Math. USSR-Izv., 9 (1975), 297-339.

[Bai1] W.L. Baily, The decomposition theorem for V-manifolds, Amer. J. Math., 78, (1956), 862-888. [Bai2] W.L. Baily, On the imbedding of V-manifolds in projective space, Amer. J. Math., 79, (1957), 403-430.

[Bär] C. Bär, Real Killing Spinors and Holonomy, Commun. Math. Phys., 154 (1993), 509-521. [Bat] F. Battaglia, A hypercomplex Stiefel manifold, Differential Geometry and Applications 6 (1996), 121-128.

[Bea] A. Beauville, Varieétés Kählériennes dont la 1ère classe de Chern, J. Diff. Geometry 18 (1983), 755-782.

[Bes] A.L. Besse, Einstein manifolds, Springer-Verlag, New York (1987).

[BFGK] H. Baum, T. Friedrich, R. Grunewald, and I. Kath, Twistors and Killing Spinors on Riemannian Manifolds, Teubner-Texte für Mathematik, vol. 124, Teubner, Stuttgart, Leipzig, 1991.

[BG] C.P. Boyer and K. Galicki, The Twistor Space of a 3-Sasakian Manifold, Int. J. Math., 8 (1997), 31-60.

[BGM1] C.P. Boyer, K. Galicki, and B.M. Mann, Quaternionic reduction and Einstein manifolds, Communications in Analysis and Geometry, vol. 1 no. 2 (1993), 1-51.

[BGM2] C.P. Boyer, K. Galicki, and B.M. Mann, The geometry and topology of 3-Sasakian manifolds, J. reine angew. Math., 455 (1994), 183-220.

[BGM3] C.P. Boyer, K. Galicki, and B.M. Mann, New examples of inhomogeneous Einstein manifolds of positive scalar curvature, Bull. London Math. Soc., 28 (1996), 401-408.

[BGM4] C.P. Boyer, K. Galicki, and B.M. Mann, Hypercomplex structures on Stiefel manifolds, submitted for publication.

[BGM5] C.P. Boyer, K. Galicki, and B.M. Mann, New Examples of Inhomogeneous Einstein Manifolds of Positive Scalar Curvature, Math. Res. Lett., 1 (1994), 115-121.

[BGM6] C.P. Boyer, K. Galicki, and B.M. Mann, Some New Examples of Inhomogeneous Hypercomplex Manifolds, Math. Res. Lett., 1 (1994), 531-538.

[BGM7] C.P. Boyer, K. Galicki, and B.M. Mann, 3-Sasakian Manifolds, Proc. Japan Acad. vol. 69, Ser. A (1993), 335-340.

[BGM8] C.P. Boyer, K. Galicki, and B.M. Mann, Hypercomplex Structures on Stiefel Manifolds, Ann. Global Analysis and Geom., 14 (1996), 401-408.

[BGM9] C.P. Boyer, K. Galicki, and B.M. Mann, A Note on Smooth Toral Reductions of Spheres, UNM preprint January 1997.

[BGM10] C.P. Boyer, K. Galicki, and B.M. Mann, Hypercomplex Structures on Toral Quotients, UNM preprint, July 1997.

[BGMR1] C.P. Boyer, K. Galicki, B.M. Mann, and E. Rees, Compact 3-Sasakian Manifolds With Arbitrary Second Betti Number, Inv. Math., to appear.

[BGMR2] C.P. Boyer, K. Galicki, B.M. Mann, and E. Rees, Compact Positive Scalar Curvature 7-Manifolds With Arbitrary Second Betti Number, Balkan J. Math. Appl., 1, no. 2 (1996), 1-8.

[Bon] E. Bonan, Sur les G-structures de type quaternionien, Cah. Top. Geom. Differ., 9 (1967), 389-461.

[Boy] C.P. Boyer, A note on hyperhermitian four-manifolds, Proc. AMS, 102(1) (1988), 157-164. [BR] A. Borel and R. Remmert, Über kompakte homogene Kählersche Mannigfaltigkeiten, Math.

Ann., 145 (1962), 429-439.

[E] J.H. Eschenburg, New examples of manifolds with strictly positive curvature, Invent. Math., 66 (1982), 469-480.

[FrKat] T. Friedrich and I. Kath, Compact seven-dimensional manifolds with Killing spinors, Commun. Math. Phys. 133 (1990), 543-561.

[FrKur] T. Friedrich and Kurke, Compact four-dimensional self-dual Einstein manifolds with positive scalar curvature, Math. Nach., 106 (1982), 271-299.

[GL] K. Galicki and B. H. Lawson, Jr., Quaternionic Reduction and Quaternionic Orbifolds, Math. Ann., 282 (1988), 1-21.

[Gau1] P. Gauduchon, Structures de Weyl-Einstein espaces de twisteurs at variètès type S1 × S3, preprint no. 1060, Centre de Math., Ecole Polytechnique, Paris (1993).

[Gau2] P. Gauduchon, La 1-forme de torsion d’une variètè hermitienne compacte, Math. Ann., 267 (1984), 495-518.

[Gr] P.A. Griffiths, Some geometric and analytic properties of homogeneous complex manifolds, parts I and II, Acta Math., 110 (1963), 115-208.

[GS] K. Galicki and S. Salamon, On Betti Numbers of 3-Sasakian Manifolds, Geom. Dedicata 63 (1996), 45-68.

[Her] G. Hernandez, On hyper f-structures, Math. Ann., 306 (1996), 205-230. [Hi] N.J. Hitchin, Kählerian twistor spaces, Proc. Lond. Math. Soc., 43 (1981), 133-150.

[HKLR] N.J. Hitchin, A. Karlhede, U. Lindström and M. Roček, Hyperkähler metrics and supersymmetry, Comm. Math. Phys., 108 (1987), 535-589.

[I1] S. Ishihara, Quaternion Kählerian manifolds, J. Diff. Geom., 9 (1974), 483-500. [I2] S. Ishihara, Quaternion Kählerian manifolds and fibered Riemannian spaces with Sasakian 3-structure, Kodai Math. Sem. Rep., 25 (1973), 321-329.

[Joy1] D. Joyce, Compact hypercomplex and quaternionic manifolds, J. Diff. Geom., 35(3) (1992), 743-762.

[Joy2] D. Joyce, The hypercomplex quotient an the quaternionic quotient, Math. Ann., 290 (1991), 323-340.

[IKon] S. Ishihara and M. Konishi, Fibered Riemannian spaces with Sasakian 3-structure, Differential Geometry, in honor of K. Yano, Kinokuniya, Tokyo (1972), 179-194.

[Ka] T. Kashiwada, A note on a Riemannian space with Sasakian 3-structure, Nat. Sci. Reps.

Ochanomizu Univ., 22 (1971), 1-2.

[Kon] M. Konishi, On manifolds with Sasakian 3-structure over quaternion Kählerian manifolds,

Kodai Math. Sem. Reps., 26 (1975), 194-200.

[Kuo] Y.-Y. Kuo, On almost contact 3-structure, Tôhoku Math. J., 22 (1970), 325-332. [KuTach] Y.-Y. Kuo and S. Tachibana, On the distribution appeared in contact 3-structure, Taita J.

of Math., 2 (1970), 17-24.

[Le1] C. LeBrun, A Finiteness Theorem for Quaternionic-Kähler manifolds with Positive Scalar Curvature, Contemporary Math., 154 (1994), 89-101.

[Le2] C. LeBrun, A rigidity theorem for quaternionic-Kähler manifolds, Proc. Amer. Math. Soc., 103 (1988), 1205-1208.

[LeSal] C. LeBrun and S. M. Salamon, Strong rigidity of positive quaternion-Kähler manifolds, Invent. Math., 118 (1994), 109-132.

[MW] J. Marsden and A. Weinstein, Reduction of symplectic manifolds with symmetry, Rep.

Math. Phys., 5 (1974), 121-130.

[Ob] M. Obata, Affine connections on manifolds with almost complex, quaternionic or Hermitian structure, Jap. J. Math., 26 (1955), 43-79.

[OrPi] L. Ornea and P. Piccini, Locally conformal Kähler Structures in quaternionic geometry, Trans. Am. Math. Soc. 349 (1997), 641-655.

[PoSal] Y. S. Poon and S. Salamon, Eight-dimensional quaternionic Kähler manifolds with positive scalar curvature, J. Diff. Geom., 33 (1990), 363-378.

[PePoSw] H. Pedersen, Y.S. Poon, A. Swann, The Einstein-Weyl equations in compelx and quaternionic geometry, Diff. Geom. Appl., 3, (1993), 309-321.

[Sal1] S. Salamon, Quaternionic Kähler manifolds, Invent. Math., 67 (1982), 143-171. [Sal2] S. Salamon, Differential geometry of quaternionic manifolds, Ann. Sci. Ec. Norm. Sup. Paris, 19 (1986), 31-55.

[Sal3] S. Salamon, The Dirac operator and quaternionic manifolds, Proc. International Conference on Differential Geometry and its Applications, Opava (1992).

[Sam] H. Samelson, A class of complex analytic manifolds, Portugal. Math. 12 (1953), 129-132. [SSTP] Ph. Spindel, A. Sevrin, W. Troost, and A. Van Proeyen, Extended supersymmetric σmodels on group manifolds, Nucl. Phys. B308 (1988), 662-698.

[Sw] A. F. Swann, Hyperkähler and quaternionic Kähler geometry, Math. Ann., 289 (1991), 421-450. [Rei] B. L. Reinhart, Foliated manifolds with bundle-like metrics, Ann. of Math. 69(2) (1959), 119-132.

[Sas1] S. Sasaki, On differentiable manifolds with certain structures which are closely related to almost contact structure, Tôhoku Math. J. 2(12) (1960), 459-476.

[Sas2] S. Sasaki, Spherical space forms with normal contact metric 3-structure, J. Diff. Geom., 6 (1972), 307-315.

[Sat] I. Satake, The Gauss-Bonnet Theorem for V -manifolds, J. Math. Soc. Japan V.9 No 4. (1957), 464-476.

[Tan1] S. Tanno, On the isometry of Sasakian manifolds, J. Math. Soc. Japan, 22 (1970), 579-590. [Tan2] S. Tanno, Killing vectors on contact Riemannian manifolds and fiberings related to the Hopf fibrations, Tôhoku Math. J., 23 (1971), 313-333.

[TachYu] S. Tachibana and W. N. Yu, On a Riemannian space admitting more than one Sasakian structure, Tôhoku Math. J. 22 (1970), 536-540.

[Tach] S. Tachibana, On harmonic tensors in compact Sasakian spaces, Tôhoku Math. J., 17 (1965), 271-284.

[T] J. Tits, Espaces homogènes complexes compacts, Comment. Math. Helv., 37 (1962), 11-120. [Ud] C. Udrişte, Structures presque coquaternioniennes, Bull. Math. de la Soc. Sci. Math. de Roumanie, 12 (1969), 487-507.

[Vai] I. Vaisman, Generalized Hopf manifolds, Geom. Ded., 13 (1982), 231-255. [W] H.C. Wang, Closed manifolds with homogeneous complex structures, Am. J. Math., 76 (1954), 1-32.

[Wo] J. A. Wolf, Complex homogeneous contact manifolds and quaternionic symmetric spaces, J. Math. Mech., 14 (1965), 1033-1047.

[YB] K. Yano and S. Bochner, Curvature and Betti numbers, Annals of Math. Studies 32, Princeton University Press (1953).

Department of Mathematics and Statistics February 1995 University of New Mexico Updated July 1997 Albuquerque, NM 87131 email: cboyer@math.unm.edu, galicki@math.unm.edu, mann@math.unm.edu