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Sasakian-Einstein Structures on g#(s? x %)

CHARLES P. BOYER KRZYSZTOF GALICKI MICHAEL NAKAMAYE

ABSTRACT: We show that #9(5?xS®) admits an 8-dimensional complex family of inequivalent
non-regular Sasakian-Einstein structures. These are the first known Einstein metrics on this
5-manifold. In particular, the bound b,(M)<8 which holds for any regular Sasakian-Einstein
M does not apply to the non-regular case. We also discuss the failure of the Hitchin-Thorpe
inequality in the case of 4-orbifolds and describe the orbifold version.

Introduction

Recently Demailly and Kéllar have developed some new techniques to study the ex-
istence of Kéahler-Einstein metrics on compact Fano orbifolds [DK]. Johnson and Kéllar
applied these techniques to study Kahler-Einstein metrics on certain log del Pezzo surfaces
in weighted projective 3-spaces [JK1] as well as anti-canonically embedded orbifold Fano
3-folds in weighted projective 4-spaces [JK2|. In [BG3, BGN1] we have extended some
of the results of [JK1] to the case of higher index and have studied their implications in
the realm of Sasakian-Einstein metrics on simply connected smooth 5-manifolds. These
arise as links of isolated hypersurface singularities given by quasi-homogeneous polyno-
mials in C* [BG3]. In [BGN1] we showed that there are many families of non-regular
Sasakian-Einstein structures on k-fold connected sums of S? x S3 for k = 1,2,3,4,5,6, 7.
When k£ = 8 we have not found any non-regular Sasakian-Einstein structures. However,
8#(8? x §3) viewed as a circle bundle over a blow-up of CP? at eight points comes with an
eight complex parameter family of regular Sasakian-Einstein structures. It follows from the
well-known classification of smooth del Pezzo surfaces that for regular Sasakian-Einstein
5-manifolds & we must have b2(S) < 8. Moreover, it follows from the Hitchin-Thorpe
inequality that CP? blown-up at 9 or more points in general position is excluded from
admitting any Einstein metric whatsoever. Neither of these bounds hold in the orbifold
case. For the Hitchin-Thorpe type result the topological FEuler number and Hirzebruch
signature must be replaced by their corresponding orbifold analogue. Hence, no such topo-
logical bound holds in the orbifold case. Nevertheless, all the non-regular examples found
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in [BGN1] still satisfy this bound. The main purpose of this note is to show that the
bound does not hold for non-regular Sasakian-Einstein 5-manifolds. We achieve this by a
careful analysis of the question of the existence of Kahler-Einstein metrics for the log del
Pezzo surface Z16 C CP%(1,3,5,8) of index 1 and degree 16 found by Johnson and Kéllar
[JK1]. Johnson and Kollar leave the question of existence of Kéhler-Einstein metrics on
Z16 open. Using well-known techniques of Milnor and Orlik [MO], one can easily compute
the characteristic polynomial of the associated link L1 C C* and from this that the second
Betti number bo(L1g) = 9. As a consequence of this, a general argument concerning the
absence of torsion in Hy [BG3], and a classification theorem of Smale [Sm], the link Lg,
which is naturally a V-bundle over Lig — Z16, must be diffeomorphic to 9#(S? x §3). In
section 3, we show that Z does satisfy the sufficient conditions of [DK] and does admit a
Kahler-Einstein metric. This is the key to establishing the following

THEOREM A: Let § = #9(S?x.S3). Then S admits an 8-dimensional family of inequivalent
non-regular Sasakian-FEinstein structures. Furthermore, the Einstein metrics in the family
are inequivalent as Riemannian metrics.

It follows that the metric cone on & = #9(S? x S3) is a singular Calabi-Yau 3-fold
[BG1-2]. Such cones arise naturally in the context of the supersymmetric string theory
(see, for example, [Y]). In view of Theorem A and Smale’s classification result [Sm] one
can ask the following important questions:

PrROBLEM B: Suppose M is a compact simply-connected Sasakian-Einstein 5-manifold.
Can ba(M) be arbitrarily large? And, if so, is there a Sasakian-Einstein structure on any

connected sum of k copies of S? x §37?

We are unable to answer this question here; however, in a forthcoming note [BGN2]
the authors show that there is a positive Sasakian structure on k#(S? x S3) for k > 1.

ACKNOWLEDGMENTS: We would like to thank Janos Kolldr for discussions and his interest
in our work, and Carolina Araujo for pointing out some minor computational errors in the

first draft of this work.

1. Sasakian Structures on Links of Isolated Hypersurface Singularities

Although the purpose of this note is to describe a solitary example of the Sasakian-
Einstein geometry of 9#(S? x S3) we shall begin with a very brief summary of the
Sasakian and Sasakian-Einstein geometry of links of isolated hypersurface singularities
defined by weighted homogeneous polynomials. For more details we refer the reader to

[BG3, BGN1]. Consider the affine space C"*! together with a weighted C*-action C%
given by (2o, ...,2n) = (A2, ..., A" 2,), where the weights w; are positive integers. It
is convenient to view the weights as the components of a vector w € (ZT)"*! and we
shall assume that ged(wp, ..., w,) = 1. Let f be a quasi-homogeneous polynomial, that is
f € Clzp,...,2,] and satisfies

1.1 FOAY 20, .. A% 2,) = XS (20, ..., 2n),

where d € ZT is the degree of f. We are interested in the weighted affine cone C¢ defined
by the equation f(zo, ..., 2,) = 0. We shall assume that the origin in C**! is an isolated
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singularity, in fact the only singularity, of f. Then the link L; defined by
1.2 LfZCfﬂszn_H,

where

S = {(20,- -, 2) €CFY Y |77 =1}

7=0

is the unit sphere in C**!, is a smooth manifold of dimension 2n — 1. Furthermore, it is
well-known [Mil] that the link Ly is (n — 2)-connected.

Recall (cf. [BG1]) that a Riemannian manifold (M, g) of dimension m is Sasakian if
the holonomy group of the metric cone (C(M),g) = (M x R*,dr? + r2g) is contained in
U(™HL), ie. if (C(M), g) is Kéhler. The symplectic form w on a Kéhler cone is exact and
takes the form w = d(rn), where 7 is a contact 1-form on M. So if I is the almost complex
structure on C(M), the Kéahler structure (w,I) on C(M) together with the ‘Liouville
vector field ¥ = 7‘% induces a Sasakian structure S = (§,7n,®,9) on M ~ M x {1},

where the Reeb vector field is £ = I'V, and the (1,1) tensor field @ is the restriction of I
to T'M.

On S?7+1 there is a well-known “weighted” Sasakian structure Sy, = (€w, ws Pw, Gw);
where the vector field £, is the infinitesimal generator of the circle subgroup Si C C%, .
This Sasakian structure on S?"*! induces a Sasakian structure, also denoted by S, on
the link Ly. (See [YK, BG3, BGNI1] for details. The quotient space Z; of S?"*! by S,
or equivalently the space of leaves of the characteristic foliation F¢ of Sy, is a compact
Kabhler orbifold which is a projective algebraic variety embedded in the weighted projective
P(w) = P(wg, w1, - - -, wy), in such a way that there is a commutative diagram

Ly —— S
o
zZ f EE— P(W) )
where the horizontal arrows are Sasakian and Kahlerian embeddings, respectively, and the

vertical arrows are principal S V-bundles and orbifold Riemannian submersions.

As with Kahler structures there are many Sasakian structures on a given Sasakian
manifold. In fact there are many Sasakian structures which have £ as its characteristic
vector field. Such deformations of a given Sasakian structure S = (£, 7, @, g) are obtained
by adding to n a continuous one parameter family of basicl-forms (;. We require that the
1-form n; = n + (; satisfy the conditions

1.5 Mo =1, Co =0, e A (dng)™ #0 V ¢ €0,1].

Since (; is basic £ is the Reeb (characteristic) vector field associated to 7 for all ¢. Now
let us define

Q=P -(R(o?,
gt =9+dGo(P®id)+GON+n® G+ (@ G-

1.6
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Then S; = (&, m:, Dy, g¢) is a Sasakian structure for all ¢ € [0, 1] that has the same underly-
ing contact structure and the same characteristic foliation. In general these structures are
inequivalent and the moduli space of Sasakian structures having the same characteristic
vector field is infinite dimensional.

Suppose now we have a link L; with a given Sasakian structure (§,7,®,g). When
can we find a 1-form ¢ such that the deformed structure (£,n + (,®’,¢’) is Sasakian-
Einstein 7 This is a Sasakian version of the Calabi problem and its solution is equivalent
to solving the corresponding Calabi problem on the space of leaves Z;. Since a Sasakian-
Einstein manifold necessarily has positive Ricci tensor, its Sasakian structure is necessarily
positive. This also implies that the Kéhler structure on Z; be positive, i.e. ¢1(Zy) can be
represented by a positive definite (1,1) form. In this case there are well-known obstructions
to solving to solving the Calabi problem. These obstructions for finding a solution to the
Monge-Ampere equations involves the non-triviality of certain multiplier ideal sheaves [Na,
DK] associated with effective canonical Q-divisors on the space of leaves Z;. Consequently,
if one can show that these multiplier ideal sheaves coincide with the full structure sheaf,
one obtains the existence of a positive Kahler-Einstein metric on Z¢ and hence, a Sasakian-
Einstein metric on Ly. Sufficient conditions that guarantee this come from Mori theory
and can be phrased as follows [JK1]:

SUFFICIENT CONDITIONS FOR A K-E METRIC ON Z; AND S-E METRIC ON Ly 1.7:

L. For some € > 0 and every effective Q-divisor D on Z; numerically equivalent to —K z,,

the pair (2, Zii D) is Kawamata log terminal (klt).

Now conditions on the weights that guarantee that the hypersurface Cy C C**! have
only an isolated singularity at the origin are well-known [Fle, JK1]. These conditions,
known as quasi-smoothness conditions guarantee that Z; is smooth in the orbifold sense,
that is, at a vertex P; € P(w) the preimage of Z; in the orbifold chart of P(w) is smooth.
It is easy to see that one can formulate all these conditions as follows [Fle, JK1]:

QUASI-SMOOTHNESS CONDITIONS 1.8:

I1. For each i =0, ---, 3 there is a j and a monomial z;"z; € O(d).
Here j7 = 1 is possible.

ITI. Tf ged(w;, w;) > 1 then there is a monomial 2 z?j € O(d).

IV. For every i, j either there is a monomial zﬁ’i z;?" € O(d),

or there are monomials z;* z;j 2, and 2 zjj z1 € O(d) with {k, 1} # {i,5}.

In condition I the 7 = j case corresponds to the case when Z; does not pass through
the point P;. The second condition is equivalent to Z¢ not containing any of the singular
lines in P(w). If Z; contains a coordinate axis (say z; = z; = 0) then the condition III
forces Z; to be smooth along it, except possibly at the vertices.
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There is another condition apart from quasi-smoothness that assures us that the

adjunction theory behaves correctly, and that P(w) does not have any orbifold singularities

of codimension 1. It is [Dol, Fle]

WELL-FORMEDNESS CONDITION 1.9

V. For any triple of distinct integers i, j, k we have ged(w;, wj, wg) = 1.
Condition IV guarantees that the canonical V-bundle Kz is determined in terms of

the degree and index by

1.10 Kz ~0O(—I)=0(d— |w|),

where |w| =), w;.

2. Sufficient Conditions for Kahler-Einstein Metrics

In this section we consider hypersurfaces Zi6 of degree 16 and weights (1,3, 5,8). As
noted in [BGN1] there are 20 monomials in H°(P(1, 3,5, 8), O(16)). To begin we consider
the hypersurface Z14 given by the zero set of

16 5 3 2
f(ZO, 215 22, 23) =2y + 2120+ 2320 + 212223 + 23

in the weighted projective space P(1, 3,5,8). Thus Z4 is a hypersurface of degree 16 and
index 1. This hypersurface passes through only two singular points of P(1, 3, 5, 8), namely
P, =(0,0,1,0) and P, = (0,1,0,0). We will show

THEOREM 2.1 For any effective divisor

the pair (216, D) is klt.

PROOF: Suppose D = —Kz . If Q # P1, P, then we see, since the linear series Oz,,(5)
has only isolated base points, that

5-16 2
muth(D)gD(’)316(5):358:§<1

and hence D is kit at @) (see [BGN1] Lemma 2.11).

We next consider the point Py which is the most difficult. Let 7 : (C?,0) — (Z16, P1)
be a local cover of the index 5 quotient singularity at P;. Intersecting with a general
member of 7*Oz,,(3), all of which pass through the point P;, we see that

5-3-16

Ito(m* D) <
multo(w*D) < 5757y



Thus we may apply Shokurov’s inversion of adjunction ([KM] Theorem 5.50) which says
that the pair (Z¢, D) is log—canonical at P; provided the pair p;17*D is a sum of points
with multiplicity at most one: here p : S — C2 is the blow-up at the origin.

In order to analyze p, !(n*D) we first look at the natural candidate for “worst case
scenario,” namely D = Z(zp). This is a curve C C P(3, 5, 8) with two components, namely
Cy = Z(z3) and Cy = Z(z3 + z122). Let D; = n*Cy and Dy = n*Cy. We claim that D,
and Dy are both smooth at 0. To see this, consider F' = Z(z;). Then FNC is proper and
hence

m*F-n*C > 2
with equality holding if and only if 7*F meets D; and Dj transversally at 0 (and at no
other point). It is easy to check that F' and C meet only at P; and hence 7*F meets D,
and Dy only at 0. We compute the intersection multiplicity

5-3-16
io(m™F-mC) = 55
Thus 7*F meets D; and D, transversally at 0 and so D; and Dy are both smooth at 0.

We now show that D, and D, meet transversally at 0. We already know that D,
meets 7 F transversally. Let f; be a local defining equation of D; near 0 and f; a local
defining equation of Dy. Also, let mg denote the maximal ideal of the local ring of C2 at 0.
Then f; and f; generate my if and only if f; and f; — fo generate mg. But Z(f1) = n*Z(23)
and Z(f2) = 7*Z(z122 + 23). Thus Z(f1 — fa) = 7*Z(2122). Since 0 & 7*Z(z3), we see
that D; and Dy meet transversally at 0 if and only if Dy and 7*(Z(21)) = 7*F meet
transversally at 0. Thus, using the previous paragraph, we have established that D; and
D, are both smooth at 0 and meet transversally, i.e. the divisor D = Z(z) is klt at P;.
Note that the same argument also holds with the point P; replaced by the other singular
point Ps.

Now, following [JK1] and [BGN1], we deal with an arbitrary (effective) choice of
D =-Kgz,,. Write

2.2 D =aC; +bCy+ D',

where D’ meets C7 and Cs properly. We compute intersection numbers:

16 2
2. ]_ . = = —
3 0216() (01+C2) 3'5'8 15’
8 1
2.4 1) - — ——
OZIG() Cl 3.5.8 15a
1
2.5 OZIG(]‘) ) 02 = 1_5’
2.6 Ci-Cy = 8
. 1 2 — 15a
2.7 (12:(12:__7
' T
2—a
2. -D' <
8 C, <5



The first equality 2.3 follows since zg = 0 has C; + Cy as divisor of zeroes; 2.4 follows
since C is the intersection of the two hypersurfaces zo = 0 and z3 = 0. The third formula
2.5 follows from 2.3 and 2.4. Since C; and C; meet only at the two singular points P; and
P, and since the corresponding pull-backs meet transversally at the origin, this implies
2.6. The next equation, 2.7, follows from 2.4, 2.5, and 2.6, using the fact that Oz, (1)- 216
is represented by C7 + C5. Finally, 2.8 follows since

C,-D'<D-D'<D-D-aD-Cs.

Intersecting 2.2 with C; and using 2.4, 2.6, and 2.7 gives

1
B = 01 : 0216(]‘)
= 01(0,01 + ng + D,)
—T7a 8b
9. =2, D',
9 15 + 5 + C4

Applying 2.8 and using the fact that a + b < 2 (since multy(7*D) < 2), 2.9 implies

7a 8(2—a) 2-—a
< + .

2.1 —
0 15 — 15 15

Rearranging terms in 2.10 gives

2.11 a

IA
| ©

An identical argument shows that b < g.

It remains to deal with the final term D’. Since D - D' < 21_—5“, it follows that

2 —
2.12 multo(r*D') < = g

Thus, in the tangent direction of D; at 0 one obtains a divisor with coefficient at most

2—a_2a+2 16

An identical bond holds with b in place of a and so we conclude that (24, %D) is kit at
P.

We now turn to the point P, which will be simple as we have already performed the
relevant computations. Let 7 : (C2,0) — Zi6 be a local cover of the quotient singularity
at Py. Shokurov’s inversion of adjunction still applies, as one sees by intersecting with
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a general member of |Oz,,(5)|. We again let Z(zy) = Cy U Cy. Taking F = Z(z3) and
arguing exactly as above establishes that 7*(C7) and 7*(C2) meet transversally at 0.

If D= —Kz, is an effective divisor then as above we write
D = aCl + bCz + Dl,

where a,b < 2. The bound 2.12 still holds for multo(m*(D’)) (in fact, one can do better

since the ramification index of 7 is only 3) and so exactly as before we find that (216, 15 D)
is klt at Ps.

Note that in the proof of Theorem 2.1 the same argument works for a much more
general hypersurface Y. In particular, any of the numerous monomials with a zg term can
be added without changing the proof. The only monomial which presents a problem is
2222. Consider the hypersurface Y defined by

16 5 3 2 2 2
f(z0, 21, 22,23) = 2y + 2120 + 2520 + 25 + 2123

The divisor zg = 0 again splits into two irreducible components, C; = Z(z122 + iz3) and
Cy = Z(z129 — iz3). Arguing precisely as above shows that the divisor z; = 0 meets
C; and C, transversally on the local cover 7 : (C2,0) — (Y, P;). Hence 7*(C}) meets
7*(Cq) transversally, where C| = Z(z122). Adding the equations for C; and Cs then
establishes that 7*(C7) and 7*(C3) meet transversally. An identical argument applies for
the point P, as above. Thus the inversion of adjunction formula applies and the proof
of Theorem 2.1 can be copied to establish that (Y, }—éD) is kIt for any choice of effective
D = —Ky. This argument always applies provided the quadratic form as? + bst + ct? has
distinct roots, where a is the coefficient of 22, b is the coefficient of 212223 and c is the
coefficient of (z122)2. This then guarantees the existence of Kahler-Einstein metrics on
the hypersurfaces Z15 which depend on 20 complex parameters. We thus obtain induced
Sasakian-Einstein metrics on the link L1 depending on 20 complex parameters. However,
these parameters are not all effective, and in section 5 we discuss the moduli problem for
these hypersurfaces and links.

3. The Topology of the Link L4

The main purpose of this section is to prove
THEOREM 3.1: The Sasakian-Einstein manifold Ly¢ is diffeomorphic to 9#(S? x S3).

In the process of proving this theorem we study the geometry of the link, and in par-
ticular compute the characteristic polynomial which is an important link invariant that
generalizes the Alexander polynomial of a knot. Let us recall the well-known construc-
tion of Milnor [Mil] concerning isolated hypersurface singularities: There is a fibration of
(8?n+1 — L)—S* whose fiber F is an open manifold that is homotopy equivalent to a
bouquet of n-spheres S™ vV 5" ---V S™. The Milnor number p of Ly is the number of S™’s
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in the bouquet. It is an invariant of the link which can be calculated explicitly in terms
of the degree d and weights (wy, ..., wy) by the formula [MO]

3.1 M:u(Lf):H(f—1).

For our link Lqg with weights w = (1, 3, 5, 8), one immediately obtains

PROPOSITION 3.2: The Milnor number of the simply connected Sasakian-Finstein 5-
manifold L16 is ,LL(L16) = 143.

The closure F' of F' has the same homotopy type as F' and is a compact manifold
whose boundary is precisely the link L. So the reduced homology of F' and F is only
non-zero in dimension n and H,(F,Z) ~ Z*3. Using the Wang sequence of the Milnor
fibration together with Alexander-Poincare duality gives the exact sequence [Mil]

I—h.
3.3 0—H,(L¢, Z)—sH,(F, Z) — Hy,(F, Z)—Hyp_1 (L, Z.)—0,

where h, is the monodromy map (or characteristic map) induced by the S} action. From
this we see that H,(L¢,Z) = ker(I — h,) is a free Abelian group, and H,_1(Lys,Z) =
coker(I — h,) which in general has torsion, but whose free part equals ker(I — h,). There
is a well-known algorithm due to Milnor and Orlik [MO] for computing the free part of
H,_1(L#,7Z) in terms of the characteristic polynomial A(t) = det(¢I — h,), but finding the
torsion is, in general, much more difficult. However, in the case at hand, links of dimension
five, under a mild assumption a method of Randell [Ran]| shows that the torsion vanishes
[BG3]. The Betti number b,(L¢) = b,_1(Ls) equals the number of factors of (t — 1) in
A(t).

We now compute the characteristic polynomials A(¢) for our example.

Proposition 3.4: The characteristic polynomial A(t) of the link Lq¢ is given by
Alt) = (t— 12t + D32 + 1)t + 1218 + 1)°.

Hence, the second Betti number is by(L16) = 9.

PROOF: The Milnor and Orlik [MO] algorithm for computing the characteristic polynomial
of the monodromy operator for weighted homogeneous polynomials is as follows: First
associate to any monic polynomial F' with roots aq,...,a € C* its divisor

F=<a;>+4+---+<a>

as an element of the integral ring Z[C*] and let A,, = = (¢"™ — 1). The rational weights w,

used in [MO] are related to our integer weights w; by w} = w%, and we write the w; =
in irreducible form. So we have wj = 16, w] = & w) = 18 wf = 2. Then the divisor of
the characteristic polynomial is

A A
35 280 = (A0 10 1) - 1)(As - 1)
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which upon using the relations A,Ap = ged(a, b)Ajep(a,p) Teduces to
—A(t) = 9A16 — Ay + 1.

The characteristic polynomial A(t) is then determined from its divisor by

3.6 Ay =@t-1)]]# -1)%,
where +A(t) =1+ 3, a;A;. This gives the result. [

Now the proof of Theorem 3.1 follows by the Smale Classification Theorem [Sm], since
L6 has no torsion by Lemma 5.8 of [BG3|, and any Sasakian-Einstein manifold is spin.

4. Topological versus Orbifold Invariants

Dimensions three and four are the only dimensions where there are known topological
obstructions to the existence of Einstein metrics on smooth manifolds. The first example
of this in dimension four is due to Marcel Berger [Be|] who noticed that a compact four
dimensional Einstein manifold must have non-negative Euler characteristic. Later Thorpe
[Be] and then Hitchin [Hit] noticed a much sharper inequality obstructing Einstein metrics.

In this section we discuss both topological and orbifold invariants of compact com-
plex four dimensional orbifolds with isolated orbifold singularities, and the failure of the
Hitchin-Thorpe (cf. [Be, Hit, LeB]) inequality in the singular case. Of course, we certainly
don’t expect this to hold as is in the orbifold case. There are orbifold correction terms
as indicated by Satake [Sat] for the Euler characteristic. We note that for any log del
Pezzo surface Z, both the topological Euler characteristic and Hirzebruch signature are
determined in terms of the second Betti number bs(Z) by

4.1 Xtop(Z) =2+ ba(2), Teop(Z) = 2 — ba(2).
This gives
4.2 2Xtop(2) + 3T1op(2) = 10 — ba(2).

In the smooth case this is positive for del Pezzo surfaces and any smooth rational surface
with by > 10 cannot admit any Einstein metric. However, for our singular Z;¢ we have

43 bg(ZlG) = ]_O, Xtop(zlﬁ) = ]_2, Ttop(Zl(S) = —8
Thus, we have
44 2Xt0p(Zl6) + 3Ttop(216) = 0

even though Z1¢ has a positive Kahler-Einstein metric. Thus, the Hitchin-Thorpe inequal-
ity clearly fails in the singular category.

The point is, of course, that for orbifolds both the Gauss-Bonnet [Sat] and signa-
ture theorems [Kaw| relate integrals of curvature invariants to rational numbers that are
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orbifold invariants. In particular, the orbifold Euler characteristic xor5(Z) for a compact
4-orbifold Z with at most isolated orbifold singularities is given by [Sat]

2

1 s |Ric%|?
4.5 Xorb(z) = 8? L(|W+|2 + |VV_|2 —+ ﬂ - 9 ),

where W, s, Ric’ are the self-dual (anti-self-dual) pieces of the Weyl tensor, the scalar
curvature, and traceless Ricci curvature, respectively. In the case that Z is a compact
complex surface Xor5(Z) equals [Bla] the top Chern class c2(Z). Moreover, x,.p is related
to the topological Euler characteristic xtop(Z) by [Bla, Sat]

16 Xons(2) = xn(2) = 3 (12 )

where |I';| denotes the order of the local uniformizing group I';, at the singular point x
and the sum is taken over all singular points. Notice that for orbifolds the analogue of
Berger’s result is a bit stronger:

PROPOSITION 4.7: Let Z be a compact 4-dimensional orbifold with precisely N isolated
orbifold singularities. Suppose further that Z admits an orbifold Einstein metric, then

X2 S ) 2 5

A similar analysis can be done for the signature. The Hirzebruch signature theorem
says that for smooth manifolds whose dimension is a multiple of four the signature 7 can
be obtained by evaluating the L-function of the tangent bundle on the fundamental class
of the manifold. In the orbifold case this is replaced by Kawasaki’s signature theorem
[Kaw]|, which gives

L
4.8 Ttop(Z) =< L(TZ), [Z] > +Z ﬁ,

where again the sum is over all singular points, and £, denotes the evaluation of the
residual L-class at x. Here we have

49 < L(TZ),[2] >= 121772 /Z(|W+|2— w_p?).

We can view this expression as an “orbifold signature” which is a rational number,
and write 7o5(Z) =< L(T'Z),[Z] > . Then we rewrite equation 4.8 as

Ttop(Z) = Torb(Z) + 7-'r'es(Z)
and the analogue for orbifolds of the Hitchin-Thorpe curvature integral becomes
2

1 s Ric?|2
4.10 2Xort (Z) & 370 (2) = 4—7r2/z(2|Wi‘2+ﬂ | 5 | )
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S0 we obtain

PRroPOSITION 4.11: Let Z be a compact 4-dimensional orbifold with only isolated orbifold
singularities. Suppose further that Z admits an orbifold Einstein metric, then

DN W

Xorb(Z) 2 |Torb(Z)|-

Thus, we have

w

3 N
|Torb ‘ + Z ‘Torb(Z)| + —.

Xtop(2) 2 |r )23 >

2

In general Proposition 4.11 contains much less information than the Hitchin-Thorpe
result, since it involves orbifold invariants and not topological invariants. Nevertheless, it
does give an improvement of Proposition 4.7. We also have

PROPOSITION 4.12: Let Z be a compact complex 4-orbifold. Then
c2(2) = 2Xorb(Z) + 37orp(2).
Thus, if Z admits an Einstein metric compatible with the orbifold structure, then c2 > 0.

PRrROOF: The Chern number c? is obtained by evaluating the square of the Ricci form p
on the fundamental class of the orbifold, and the usual proof holds once we replace the
topological invariants Xiop and 7o, by their orbifold counterparts. The last statement
then follows immediately from Proposition 4.11. ]

REMARK 4.13: If Z is a compact complex 4-orbifold embedded as a hypersurface of degree
d in the weighted projective space P(w), then it is easy to see that

2
4.14 = M.

Wowi1wa2wW3

Thus, we see that if a compact complex 4-orbifold Z has 2x,rp + 3Tory = c% < 0 it cannot
admit a compatible Einstein metric nor be embedded as a hypersurface in P(w). We also
mention that the case that the canonical V-bundle is trivial, so ¢ = 0 and Z is simply
connected gives Reid’s list [Fle] of 95 mostly singular K3 surfaces

Let us now evaluate the orbifold invariants for the case currently under study, namely
the singular complex surface Z. In this case it is easy to evaluate both ¢? and Y.
directly giving

16 2 2 4 8
c%(zlﬁ) 2. r.2 1r Xorb(ZIG) =12 — g - g =10+ 1—5

We have not evaluated 7,.5(216) directly, but 4.12 gives 7or5(216) = —7 + %.
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5. The Moduli of Sasakian-Einstein Structures on Lig

To analyze the moduli problem in the non-regular case, we begin by describing the
group of complex automorphism ®,, of the weighted projective 3-space P(w). We shall
assume that P(w) is well-formed. Recall that P(w) can be defined as a scheme Proj(S(w)),

where
w) = @Sd(w) = Clzo, 21, 22, 23]
d

The ring of polynomials Clzg, 21, 22, 23] is graded with grading defined by the weights
w = (w1, w1, ws, w3). As a projective variety we can embed P(w) C CPY and then the
group &, is a subgroup of PGL(N,C). P(w) is a toric variety and we can describe &,
explicitly as follows: Let w = (wq, w1, wa, w3) be ordered as before. We consider the group
G(w) of automorphisms of the graded ring S(w) defined on generators by

20 f(EWO)
21 (wl)

29 f(“’Z)
z3 f?E 3)

20,21, 22,23

205 21y %2, 23
5.1 T

204y %1522, %3

)
z3)
|
)

S
g
I

204y %1522, %3

where fi(wi)(zo, 21, %22,%3) is an arbitrary weighted homogeneous polynomial of degree w;
in (2o, 21, 22, 23). This is a finite dimensional Lie group and it is a subgroup of GL(N, C).
Projectivising, we get &y, = Pc(G(w)).

Note that when w = (1,1,1,1) then G(w) = GL(4,C). Other than this case three
weights are never the same if P(w) is well-formed. If two weights coincide then G(w)
contains GL(2,C) as a subgroup. Finally, when all weights are distinct we can write

%0 aoi?ﬂo)
22 asze + f5 (20, 21)
Z3 aszs + F$ (20, 21, 22)

where (ag, a1, as,a3) € (C*)* and fi(w"), i = 1,2, 3 are weighted homogeneous polynomials
of degree w;. The simplest situation occurs when f; = fo = f3 are forced to vanish. Then
Gw = (C*)3 is the smallest it can possibly be as P(w) is toric.

Let S C S(w) be the vector subspace spanned by all monomials in (zg, 21, 22, 23) of
degree d = |w|—1I, and let S%(w) C S%(w) denote subset all quasi-smooth elements. Then
we define m¢, to be the dimension of the subspace generated by S¢ . Now the automorphism

group G(w) acts on S¢ leaving the subset S%(w) of quasi-smooth polynomials invariant.
Thus, for each log del Pezzo surface we define the moduli space

5.3 My = 54/G(w) = B(S3) /G,
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with nd = dim(M2). Now there is an injective map
5.4 ME——ME(2,),

and each element in M¢ corresponds to a unique homothety class of Kihler-Einstein met-
rics modulo &, and hence, to a unique Sasakian-Einstein structure on the corresponding
5-manifold &; modulo the group &, acting as CR automorphisms.

Let us now consider our Zy¢. It is easy to see that S'¢(1, 3,5, 8) is isomorphic to C2°

and ig is Epimngd by tlée 2IIlOIlOéIlizals ;;%3,’ 2’1,28223, zsfzg, zozl%, 220,2?1,1 zﬁz%fg, zﬁzi’gz, 282923,
3

the open submanifold S6(1,3,5,8) c S9(1,3,5,8). This is acted on by the complex

automorphism group, namely the group G(1, 3,5, 8) generated by

z0 a(l)Z()

5.9 Pw 2= 1 a%zz—;a%zg; 2 )
29 Q522 + a5z + ayzj21
23 alzs +a328 + a3z128 + ad2222 + a520238 + a2z

where a} € C* and all other coefficients are in C. G(1,3,5,8) is a 12-dimensional complex

Lie group acting on the open submanifold $'6(1,3,5,8) c S'6(1,3,5,8) ~ C2°. It follows
that the quotient is an 8-dimensional complex manifold which by the Bando-Mabuchi
Theorem [BM] is the moduli space of positive Kédhler-Einstein metrics on the underlying
compact orbifold Z6.

Theorem A now follows from these result and Proposition 7.14 of [BGN1].
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