MATH314 - HOMEWORK SOLUTIONS
HOMEWORK #7

Section 5.4: Problems 1,2,4(a)(b),7
Section 5.5: Problems 1,2.6,8,25

VA

Section 5.6: Problems 1,3,4,5

Krzysztof Galicki

Problem 5.4.1 Let x = (—=1,—1,1,1)T and y = (1,1, 5, —-3)7. Clearly,

xy=—1-145-3=0,

[x]|2 = V4 =2,
lyll2 = V36 =6,
x = yll2 = [[(=2, -2, —4,4)T||> = V40,
4 + 36 = 40.

Problem 5.4.2 Let x = (1,1,1,1)T, y = (8,2,2,0)T.

a)
Xy
cosf = =2/2.
iyt = vivs =V
b)
p=2Yo_Ligo0 0T = (4/3,1/31/307.

vy’ 6

c) x—p=(-1/3,2/3,2/3,1)T is clearly perpendicular to (4/3,1/3,1/3,0)T as —4/9 +
2/9+2/9 = 0.
d)
1
lx —pl2 = g\/1_= V2,
1

[Ixll2 =2,



[l —plf5 + llpllz = [1xII5.

Problem 5.4.4 Let

1 2 2 -4 1 1
A=|10 2], B=(-3 3 2
31 1 1 -2 -2
We have
1 22\ /-4 1 1\7 0o 7 -7
ABF=[|1 0 2 -3 3 2 = -2 1 =3
31 1 1 -2 -2 -10 —4 -1
Hence,
a)
<AB >=tr(A-BT) =0.
b) As
9 5 7
<AA>=tr(A-AT)=tr[5 5 5 | =25.
7 5 11

we get ||A||p = V25 = 5.

Problem 5.4.7 We have

a)
1
<e® e ”® >=/ dr = 1.
0
b)
1 1 1
< z,sinwz >:/ msinwmd:c:——/ z(cosmx) dx =
0 T Jo
Lateosmaly + © [ cosmrae = |
= ——z(cosx — cosmx)dr = —.
s /o s
c)

1
<z’ 2’ >= / °dz = 1/6.
0

Problem 5.5.1
a) Yes, they form an orthonormal basis.

b) No, both vectors are of unit length but they are not perpendicular.



¢) No, the two vectors are perpendicular but neither is of unit length.

d) Yes, they form an orthonormal basis.

Problem 5.5.2 Let
w = (1/3v2,1/3v2,—4/3vV2)T, uy =(2/3,2/3,1/3)T, uy = (1/v2,-1/v2,0)7.

a) We have
1

1
o = S +4+1) =1,
2 1
| =5(A+1+0)=1,
1
us-uy = —2(1/3\/5— 1/3v2) =0,

1
L a42-4)=0
Ug-u; = —— — = U.
2 1 9\/§

b) Let x = (1,1,1)T. We get
x-u; =1/3v241/3V2 - 4/3vV2 = —2/3V/2,
x-uy=2/3+2/3+1/3=5/3,
x-uz=1/V2-1/vV2=0.
Hence, x = —%ul + guz, and

4 25 54
2
IxF=15+9 =1

Thus ||x|| = V/3.

Problem 5.5.6 Let
u=1u; +2us +2uz, v=mu;-+ 7us.

Since {uj, us, us} is an orthonormal basis we get
a) (u,v)=1+14=15.
b) [[ul| =v9=3, |lv]|=50.
c) cosf = 31—\/55_0 = %, 0 =m/4.



Problem 5.5.8 We have

1 T
(f9)= ;/ (3cosx + 2sinz)(cosx — sinx)dx =

—T

1 s s s
:—(3/ c052$dx—2/ sinzxd:m'—/ cosxsinmdm) =3-24+0=1.
Q0 —m - -

Problem 5.5.25

a)

1
e= [ do=2 ji=v2
-1

1

2

ol = [ ardo =23, Jall= /3.
-1

Hence, we see that

is an orthonormal set in C[—1,1].

: 1
¢) We consider u = z3.

1 [t
= 1/3 = —/ §d :0
C1 T, Uy r3axr .
< ) V2.4

1
co(z/3 uy) = \/E/ z5dr = @
2./, V2

Hence, the least square linear approximation of the cube root u = z'/3 is

L 363 9
u=2x3 =ciuy + caug = 57—\/533: ?3:

Please, plot both z'/3 and 97”” for —1 < z <1 to compare.

Problem 5.6.1
a) We start with

() = (2)



and apply the G-S process to get

b) We start with

o). =-(8)

and apply the G-S process to get

Problem 5.6.3 Let
x; = (1,2,-2)T, x,=(4,3,2)T, x3=(1,2,1)T.

Applying the G-S process gives

1
u; = g(la 23 _2)T7

2 5
x2 = p1 = (4,3,2)7 — 2(1,2,-2)7 = (10/3,5/3,10/3)7 = 2(2,1,)",
1(2 1,2)T
u; = -
2 3 s Ly 3
r 1 T 2 r_ 1 T
x3 —p2=(1,2,1)" — 5(1,2,—2) — 3(2,1,2) = g(—2,2, 1),

1
us = g(—2, 2, )T,

Problem 5.6.4
x1=1, x9=2x, x3=2z".



Applying the G-S process gives

1
u; ﬁ;

1 [t
x;g—pl:x—i/ rdr =2 —-0=ux,
-1

3 V6
Ug = 5./1]':7.’]3,

2 » 11, 2 12 2
X3 — P2 = x° — (X3,U1)u; — (X3, W)Uy = 2° — —— zéde —0=2"— - =2" —

Since

1 1
1 2 , 1 2 2 2 2 8
2 2 2 4 2
- = — 2)2dz = _ Iy dr=(E 2.2 ==

_1 3 1 3 9 5 9
we have
V45, 3v10, 4
us=—= (" —-1/3) = —— (" —1/3).
0= Y26 - 1/3) = D6 - 1/)
Problem 5.6.5
a) We have
2 1
X1 = 1 s X9 = 1
2 1
Applying the G-S process gives
L
u = 5 3
3\ 2
1\ (2 ~1/9 L1
X9 — P1 = 1 - § 1 = 4/9 = § 4 s
1 2 ~1/9 ~1
and, hence,
()
u = ——
1 372 ,
b) From part (a) we have
2/3 —/2/6

Q:[ul 112]: 1/3 2\/?/3
2/3 —/2/6



Now, to compute R observe that

rin =[x — 1] =3,
5
r12 = (X2,U1) = 3’
1 V2
7‘22=HX2—P1H:§\/1_:?7
and, hence,
(3 5/3
R=(5 Jijs):
with A =Q - R.
¢) We have
Ty (9 O
(1)
7, _ [ 66
e (4)

so that the normal equation reads
9 5 x1\ _ [ 66
5 3 za) \36)°
rny_1(3 =5 66\ (9
z2) 2\-5 9 36/ \-3)°

Its solutions is



