MATH314 - HOMEWORK SOLUTIONS
HOMEWORK #5

Section 4.1: Problems 1,2,3,5(a)(b),6(a),8,
Section 4.2: Problems 2 3(a)(b),4,6,8

Krzysztof Galicki

Problem 4.1..1
a)

Lix+y) = ((5” ) = () () = re L)

(z2 +y2) Z2
This transformation is the reflection through the x;-axis.
b)
L(x) = —x
We have

L(ax + By) = —(ax + By) = a(—x) + B(~y) = aL(x) + BL(y).

This is rotation by .

c)

This transformation is the reflection through the x; = x5-axis.



We have
L(ox + fy) = g(ox + y) = a(3x) + B(5y) = oL(x) + BL(y)

This is scaling of each vector by %

e)

L(X) = I9€9.
We have
L(ax + By) = (ax + By)2e2 = [azs + By2]es = aL(x) + BL(y).

This is the projection on the xs-axis.

Problem 4.1.2 Let

Lo(x) = Lo, (a:1> _ (xwosa—msma) .

To 1 SIn o + L9 COS &

In polar coordinates we have z; = rcosf, o = rsinf, where r = \/z2 + z2 and tanf =
xo/x1. Substituting we get:

Ly (rcosf,rsinf) = (rcosfcosa — rsinfsina,rcosfsina + rsinf cosa) =

= (rcos(a+ 0),rsin(a + 6)).

Hence, in polar coordinates L can be written as
Ly(r,0) = (1,0 + )

and it is a clockwise rotation by the angle a.

Problem 4.1.3 Let
L(x)=x+a, a#0.

This is not a linear transformation as L(0) = a # 0. In particular, neither L(ax) = aL(x)
nor L(x+y) = L(x)+L(y) for this translations. Geometrically, we add the non-zero vector
a to a vector x using the parallelogram rule.

Problem 4.1.5

a) This transformation is a projection on the zsx3-coordinate plane. It is linear and it
is generalization of the Problem 4.1.1(e). (Same proof shows linearity.)



b) This transformation is trivially linear. It maps every vector in R3 to the origin in R2.

Problem 4.1.6 L : R? — R3.
a) L(x) = (r1,72,1)T is not linear as L(0) = (0,0,1)T # 0.

Problem 4.1.8
a) Let L(p(x)) = zp(z). We have
L(ap(z) + Bq(x)) = z(ap(z) + Be(z)) = azp(z) + Brq(xr) = aL(p(z)) + BL(q(z))-

Hence, this transformation from P, to Pj3 is linear.
b) Let L(p(z)) = 22 + p(z). This is not linear as L(p(z) = 0) = 22 # 0.
¢) Let L(p(x)) = p(z) + zp(z) + 22p'(x). We have

L(ap(z) + Bq(z)) = ap(z) + Be(z) + z(ap(z) + Bq(z)) + 2*(ap(z) + Be(z)) =

a(p(z) + zp(z) + 2°p' (2)) + Bla(z) + zq(z) + #°¢ (z)) = aL(p(z)) + BL(q(z)).

Hence, this transformation from P, to Pj5 is linear.

Problem 4.1.9 For any f € C[0, 1] we define

= [ o
This is a linear transformations as
Laf +89) = [ laf(t)+ pg®ldt=a [ f@dt+p [ g(t)dt=aL(r)+HLlo).
0 0 0
Also,

L(e®) = /0 eldt = e']% = e* — 1.

x t3 z 3
L(a:z):/ t2dt:—} —
o 3|,” 3

Problem 4.2.2

a)



Lﬁl_—110 zl_xg—ah
2 - 0 -1 1 2 - I3 — T2 )

I3 T3
Problem 4.2.3
a)
I 0 0 1 Z1 x3
L T2 = 0 1 0 T2 - )
I3 ]_ 0 O I3 ol
b)
T 1 0 0 T T
L\ = 1 1 0 ) = T1+ T2
T3 1 11 3 T1+ T2+ 3
Problem 4.2.4 We get
1 2 -1 -1 I1 2$1 — T9 — I3
L X9 = -1 2 -1 I = 2$2 — 1 — I3
s -1 -1 2 I3 2.’1)3 — T1 — T
Hence, we have
a)
1 2 -1 -1 1 0
Li1]=1-1 2 -1 1]=10
1 -1 -1 2 1 0
b)
2 2 -1 -1 2 2
Lil1)]=1-1 2 -1 1)1 =1-1
1 -1 -1 2 1 -1
c)
-5 2 -1 -1 -5 —15
Ll 3 =|-1 2 -1 3 = 9
2 -1 -1 2 2 6
Problem 4.2.8 Let
1 1 1
yi=|1], y2=[1], y3=1]0



Consider the following linear transformation

L(ciy1 + cay2 + c3y3) = (c1 + c2 + c3)y1 + (2¢1 + ¢3)y2 — (2¢2 + ¢3)c3ys.

a)
C1 1 1 1 C1 c1+co+c3
L Co = 2 0 1 Co = 261 + C3
C3 0 -2 -1 C3 —262 — C3
b) We will write
7
x= |95 | =2y1+3y2+2ys.
2
Hence, in the {y1,y2,y3} basis the vector x has coordinates (c1, 2, c3) = (2,3,2) and
we get
1 1 1 2 7
Lx)=[{2 0o 1 |[3]=]¢6
0 -2 -1 2 —8

This means that L(x) = 7y; + 6y — 8y3.
Similarly,
3
Xx=1|2]|=y1+y2+Ys
1

Hence, in the {y1,y2,y3s} basis the vector x has coordinates (c1,c2,c3) = (1,1,1) and we
get

1 1 1 1 3
Lx)=[2 0 1 1]=1 3
0 -2 -1/ \1 —3

This means that L(x) = 3y; + 3y2 — 3y3.
Finally,
1
x=12|=3y1—-y2—Ys
3

Hence, in the {y1,y2,y3s} basis the vector x has coordinates (cy,ca,c3) = (3, —1,—1) and
we get

1 1 1 3 1
Lx)=[2 0 1 -1 ]=15
0 -2 -1/ \ -1 3

This means that L(x) = y; + by2 + 3ys.



