MATH314 - HOMEWORK SOLUTIONS
HOMEWORK #3

Section 2.2: Problems 1(a),2(a),5,6,10
Section 2.3: Problems 1(b)(c),2(b)(c),8
Section 3.1: Problems 4,5,6,11
Section 3.2: Problems 1(a)(e),2(a)(b),3(b)(c),4(b),9(a), 13,14

Krzysztof Galicki

Problem 2.2.1(a) Expanding with respect to the first column gives:
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N OO
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3
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=2‘ ‘:2-(—12):—24.

Problem 2.2.2(a) We start by adding twice the second row to the third [(3)+2(2)] and
subtracting it from the fourth [(4)-(2)]. Then we switch the first two rows [(1) < (2)].

0o 1 2 3 01 2 3 11 1 1
a1t o1 1) fr1o1o1r) (o1 2 3

-2 -2 3 3|/ loo 5 5] (o0 5 5|

1 2 -2 -3 01 -3 —4 01 -3 —4

Next, we subtract the second row from the fourth [(4)-(2)] after which we add rows three
and four [(3)+(4)]

11 1 1 11 1 1 111 1
fo1 2 3} (o1 2 3] (o122 3
“loo 5 5 ) {oo 5 5 ) loo0o5 5

01 -3 —4 00 -5 -7 000 -2

The last matrix is upper-triangular and it has determinant -10. As we got it from A only
by using elementary row operations of the third kind with one row flip, it follows that
det(A) = 10.



Problem 2.2.5 We only use the fact that det(B - A) = det(B)det(A). Let B = al,.
Clearly, det(al,) = a™. Then

det(aA) = det(al, - A) = det(al,) det(A) = o™ det(A).

Problem 2.2.6 We only use the fact that det(B-A) = det(B) det(A). Let B = A~!. Then
we have
det(B-A) = det(A™' - A) = det(I,) =1

on one hand and
det(B - A) = det(A™" - A) = det(A™1) det(A),

on the other. Hence,
1 = det(A™1) det(A),

or

1
det(A™1) = .
(A7) det(A)
Problem 2.2.10
a) We get
1 =z =3 1 x1 T3 2 .2
det(V) =|1 zy 23|=|0 zp—2z1 2i—2?|= 22_? i%_i% =
1 z3 =2 0 z3—z1 a3—ai R

= (za—21)(23~27) — (z3—11) (25 —71) = (z2—21) (23—]) (w2 —21) (w3~ 1) (T2 +21)
= (22 — z1)[(z3 — 21) (w3 + 21) — (23 — 21) (22 + 21)]

= (.’L‘g — .’131)(.’133 — .’131)[(.713 + .’131) - (.732 —+ .’L'1)] = (.’L‘g — .’131)(.’133 — .’131)(.’133 - .%‘2).

b) det(V) # 0 if and only if all three numbers x;, x9, 23 are different from one another.
Problem 2.3.1

b)

c) Let



Then we have

1 1 2 1 2 1| \7T
2 -1 -2 -1 -2 2
. 3 1 1 1 1 3
adj(A) _‘2 —1‘ ‘—2 —1‘ ‘—2 2‘ -
3 1 _ 1 1 1 3
1 1 2 1 2 1
30 6\ [/-3 5 2
5 1 =8 = 0 1 1
2 1 =5 6 -8 -5
Since
1 3 1 1 3 1 s
det(A)=|2 1 1|=[0 =5 -1|=|77 ' =3
-2 2 -1 0 8 1
we have
1 -3 5 2
A‘lzg 0 1 1
6 -8 =5
Problem 2.3.3
b) Here we have
2 3 2
a=(33) »=(5)
Hence, det(A) = —5 and we get
12 3] 11
TTTEs 2| T B
112 29_ 4
ro = 5 3 5 = 5.
c) Here we have
2 1 -3 0
A= 4 5 1 , b=1]38
-2 -1 4 2
Since
2 1 -3 2 1 -3 9 1
det(A)=|4 5 1 |=4 5 1 —‘4 5| =6,
-2 -1 4 0 0 1



0 1 =3 0 1 -3
8 5 1 |=]0 9 —15|=2(-15+27) =24,
2 -1 4 2 -1 4
2 0 -3 2 0 -3
4 8 1|=[0 8 7 |=208-14)=-12,
-2 2 14 0 2 1
2 1 0 2 1 0
4 5 8|=1[0 3 8|=12
-2 -1 2 0 0 2
Hence,
24 —12 12
.’131:?:4,.’172:7——2,333——:2

Problem 2.3.8 We use the identity
adj(A) - A = det(A)I,,.
Taking determinant on both sides (and using Problem 2.2.5 of this homework) we get
det(adj(A) - A) = det(adj(A)) det(A) = det(det(A)L,,) = [det(A)]™.

Hence
det(adj(A)) = [det(A)]" L.

Problem 3.1.4 Let V = My« (R) with the usual matrix addition and multiplication of
matrices by real numbers. We check all the axioms of the vector space:

Al) A+ B =B+ A is obvious,
A2) (A+B)+C=A+ (B+C) is obvious,
A3) the zero vector in V = My, xn(R) is the matrix with all zero entries,

A4) the inverse matrix under addition is the matrix —A with all the entries having the
opposite sign to the original matrix A,

A5) a(A +B) = aB + A is obvious,
A6) (a+ B)A = aA + BA is obvious,
AT) (aB)A = a(BA) is obvious,

A8) 1-A = A is obvious.

Problem 3.1.5 Let V = C|a, b] with the usual pointwise addition of functions and mul-
tiplication of functions by real numbers. We check all the axioms of the vector space:

Al) f(z)+ g(x) = g(x) + f(z) is obvious,
A2) (f(z)+g(z))+ h(z) = f(z) + (g9(x) + h(z)) is obvious,



A3) the zero vector in V = [a, b] is f(z) = 0 — the function vanishing at every z € [a, b],
A4) the inverse function under addition is the function —f(x),

A5) a(f(z) + g(z)) = af(x) + ag(zx) is obvious,

A6) (a+ B)f(x) = af(z)+ Bf(x) is obvious,

A7) (ap)f(z) = a(Bf(x)) is obvious,

A8) 1- f(z) = f(z) is obvious.

Problem 3.1.6 Let V = P be the space of polynomial functions with the usual pointwise
addition of polynomials and multiplication of polynomials by real numbers. Clearly, the
sum of two polynomials is a polynomial and multiplying a polynomial by a number gives

a polynomial (of the same degree). As in the previous problem we check all the axioms of
the vector space:

Al) f(x)+ g(z) = g(z) + f(x) is obvious,

A2) (f(z)+g(z))+ h(z) = f(z) + (9(x) + h(z)) is obvious,

A3) the zero vector in V' = [a,b] is f(x) = 0 — the polynomial vanishing at every z,
A4) the inverse function under addition is the function —f(x),

Ab) a(f(z) + g(z)) = af(x) + ag(z) is obvious,

A6) (a+ B)f(xz) = af(z) + Bf(x) is obvious,

AT) (af)f(x) = a(Bf(x)) is obvious,

A8) 1 f(x) = f(x) is obvious.

Problem 3.1.11 Axioms (Al-4) are clearly satisfied. Now, we check the remaining ax-
ioms:

Ab
) ao ((z1,22) + (y1,92)) = @o (21 + y1,22 + y2) = (a1 + ¥1), T2 + Y2),
ao (z1,22) + ao (y1,y2)) = (az1, 22) + (w1, y2) = (az1 + ay1), T2 + y2).
This axiom is fine.
A6)

(a+B) o (z1,32) = (( + B)ar, z2),
ao (x1,22) + Bo (w1, x2) = (w1, x2) + (Br1, 22) = (w1 + Br1, 272).
This is false for x4 # 0. It is easy to see that this is the only axiom that fails. Hence,
V is not a vector space.
Problem 3.2.1

a) This is a line in R? through the origin, and, hence, a vector subspace.

e) This is not a line in R? through the origin, and, hence, not a vector subspace. These
are two lines through the origin: z; = z2 and x; = —z5. For example, both (1,1)
and (1,—1) are in this set, but the sum (2,0) is not.



Problem 3.2.2

a) Not a vector subspace as (0,0, 0) is not in it.

b) This is a line through the origin in R and, hence, a vector subspace.
Problem 3.2.3

b) This is a vector subspace as it is closed under the two vector space operations and
the zero matrix is lower triangular.

c) This is not a vector subspace. The zero matrix is not in this subset. It is not even
closed under the two vector space operations.

Problem 3.2.4(b) We reduce first

1 2 -3 -1\ _(1 2 -3 -1\ _(1 2 =3 0
-2 -4 6 3) oo o 1)7\0oo0 0 1)

We introduce free parameters for pivot-free columns zo = t,z3 = s. Then

T 3s — 2t —2 3
I _ t _ 1 0
z3 | s =1 0 TS 1
T4 0 0 0

Problem 3.2.9(a) This set is spanning. Consider any vector in R? say <§1 ) We want
2

to find a,b € R such that
2 3 . 1
(1) (2)- ()
2 3 fa) _ [x
1 2 b - i) )

2 3
o

But we can write this as

This always has a solution as

Problem 3.2.13 For arbitrary real numbers a, b, c,d € R we have

G,Ell +bE12 +CE21+dE22:
a 0 0 b 0 0 0 0 a b
_<o 0>+(0 0>+<c 0)+(0 d>_<c d)'

Problem 3.2.14 P; = {p(z) | p(z) = a + bz + cz®}. We have



a) p(xz) = z is clearly not in the span of {1, 2, 2% — 2}.
b) {2, 22, x,2x + 3} is spanning for P; as is the subset {2, 22, z}.

c) {x +2,7+ 1,22 — 1} is spanning for P; as we can see from the following calculation
a(z+2) + B+ 1) + (2 = 1) = vz’ + (e + B)z + 2+ S — 7.

For an arbitrary polynomial p(x) = a+bz+cz? choose v = c. Then choose o = a—b+c
and 8 =2b—a+c.

d) p(z) = 22 + z is clearly not in the span of {z + 2,22 — 1}.



